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Abstract

Nanoscale contact of material surfaces provides an opportunity to explore and better understand
the elastic limit and incipient plasticity in crystals. Homogeneous nucleation of a dislocation be-
neath a nanoindenter is a strain localization event triggered by elastic instability of the perfect
crystal at 9nite strain. The 9nite element calculation, with a hyperelastic constitutive relation
based on an interatomic potential, is employed as an e:cient method to characterize such in-
stability. This implementation facilitates the study of dislocation nucleation at length scales that
are large compared to atomic dimensions, while remaining faithful to the nonlinear interatomic
interactions. An instability criterion based on bifurcation analysis is incorporated into the 9nite
element calculation to predict homogeneous dislocation nucleation. This criterion is superior to
that based on the critical resolved shear stress in terms of its accuracy of prediction for both the
nucleation site and the slip character of the defect. Finite element calculations of nanoindentation
of single crystal copper by a cylindrical indenter and predictions of dislocation nucleation are
validated by comparing with direct molecular dynamics simulations governed by the same inter-
atomic potential. Analytic 2D and 3D linear elasticity solutions based on the Stroh formalism are
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used to benchmark the 9nite element results. The critical con9guration of homogeneous disloca-
tion nucleation under a spherical indenter is quanti9ed with full 3D 9nite element calculations.
The prediction of the nucleation site and slip character is veri9ed by direct molecular dynamics
simulations. The critical stress state at the nucleation site obtained from the interatomic potential
is in quantitative agreement with ab initio density functional theory calculation.
? 2003 Elsevier Ltd. All rights reserved.
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1. Introduction

Nanoscale contact of material surfaces provides an opportunity to explore and better
understand the elastic limit and incipient plasticity in crystals. A common mode of in-
stability at the elastic limit of a perfect crystal is strain localization, resulting ultimately
in the homogeneous nucleation of crystalline defects such as dislocations (Hill, 1975;
Rice, 1976; Xu and Argon, 2001). In load-controlled nanoindentation experiments, after
a preliminary elastic stage, a discontinuity in indenter displacement has been captured
for the measured load P versus indentation depth h response for several cubic crystals
(Page et al., 1992; Oliver and Pharr, 1992; Gerberich et al., 1996; Corcoran et al.,
1997; Suresh et al., 1999; Gouldstone et al., 2000). The onset of this displacement
discontinuity is thought to indicate that atomically localized deformation, i.e. disloca-
tion nucleation occurs beneath the indenter. Recent in situ experiments by Gouldstone
et al. (2001) using the Bragg–Nye bubble raft as an analogue to the {1 1 1} plane
of face-centered cubic (FCC) crystal clearly demonstrated that nanoindentation of a
two-dimensional crystal may lead to homogeneous nucleation of dislocations within the
crystal. Atomistic simulations by Tadmor et al. (1999a) via the quasicontinuum method
revealed the process of nanoindentation-induced dislocation nucleation near the surface
in single crystal aluminum. However, a quantitative understanding of the critical condi-
tion for homogeneous dislocation nucleation is still lacking. An accurate characteriza-
tion of defect nucleation serves two purposes in multiscale materials modeling. First, a
reliable defect nucleation criterion can be extracted to seed the initial defect distribution
and originate new defects in mesoscopic dislocation dynamics simulations (Fivel et al.,
1998; Shenoy et al., 2000). Second, quantum mechanical ideal strength calculations
that reveal bonding and electronic structure characteristics (Krenn et al., 2001; Ogata
et al., 2002) can be connected with the experimental nanoindentation P–h response.
Speci9cally, as ab initio calculations are computationally intensive, we may rely on an
empirical interatomic potential to identify the nucleation site and the critical stress state,
and then analyze the corresponding electronic structure characteristics using ab initio
calculations. As a continuing eKort of predictive modeling of defect nucleation (Li
et al., 2002; Van Vliet et al., 2003), in this paper we present an atomistically faithful
characterization of the critical condition of contact-induced homogeneous dislocation
nucleation, based on three essential elements: (1) a computationally e:cient continuum
method to perform simulations with experimentally relevant length/time scales; (2) an
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atomistically veri9ed instability criterion to predict dislocation nucleation; and (3) an
optimally parameterized interatomic potential to model the constitutive response.

Finite strain elastic instability of perfect crystal during nanoindentation can be stud-
ied using either an atomistic or a continuum approach. The most detailed informa-
tion beneath the indenter is revealed by direct molecular dynamics (MD) simulations
(Kelchner et al., 1998; Zimmerman et al., 2001). However, due to the computational
cost associated with keeping track of large number of atoms, the physical length and
time scales for MD simulations are very limited. In contrast, continuum-level 9nite
element method (FEM) calculations with a hyperelastic constitutive relation based on
an interatomic potential represent a computationally e:cient method to study nonlinear
instability at comparatively larger length scales and for realistic boundary conditions,
into which crystallographic and nonlinear (de)bonding features of the underlying lattice
can be incorporated. The basic premise of this approach is that every point in a con-
tinuum corresponds to a large, uniformly deformed region at the atomic scale. Hence
the constitutive relation for each continuum point can be derived within the framework
of hyperelasticity with the Cauchy–Born hypothesis (Born and Huang, 1956; Ericksen,
1984; Tadmor et al., 1996; Ortiz and Phillips, 1999; Abeyaratne et al., 2001). This
hypothesis states that the Bravias lattice vectors deform according to the macroscopic
deformation gradient. Based on this geometrical connection, one can calculate the local
continuum stress by deforming the underlying crystal structure according to the local,
atomically uniform deformation gradient, and resorting to the virial sum of interatomic
forces (Born and Huang, 1956; Wallace, 1972; Allen and Tildesley, 1987). Since the
constitutive relation is obtained directly from the atomic lattice sum and interatomic
potential, key properties of the crystal such as crystalline anisotropy and nonlinear elas-
tic eKects are incorporated automatically. This approach describes the crystal behavior
well as long as the spatial variation of deformation is not too large on the atomic scale;
it will break down near defects where non-local eKects become signi9cant. Interatomic
potential-based hyperelasticity is a full-continuum model and represents the local limit
of the more general continuum-atomistic framework of the quasicontinuum method
(Tadmor et al., 1996, 1999b; Ortiz and Phillips, 1999; Shenoy et al., 1999; Knap and
Ortiz, 2001). However, for the present investigation of nanoindentation-induced elastic
instability, deformation is approximately uniform at the atomic scale—though it varies
signi9cantly on the macroscale—and thus it is adequate to describe the crystal behavior
accurately (Li et al., 2002; Van Vliet et al., 2003). Interatomic potential-based hypere-
lasticity is signi9cantly more straightforward to implement within any general-purpose
FEM package than the more Nexible and thus more complex quasicontinuum approach.
In this framework, quantitative prediction of defect nucleation may be achieved with
the aid of an accurate and reliable defect nucleation criterion.

From the viewpoint of multiscale material modeling, one of the most useful insights
that could be gained from atomistic analyses of nanoindentation is the criterion for de-
fect nucleation. A physically rigorous criterion is much needed to replace ad hoc criteria
that one must otherwise adopt, such as a critical resolved shear stress (CRSS)-based
criterion. It is tempting to postulate that the critical stress a perfect crystal can sustain
is a robust material constant. We believe this is not the case because the value of
critical stress for the criterion depends on other stress components than just the shear
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stress component acting on the plane. Density functional theory (DFT) calculations
(Ogata et al., 2002) have shown that the ideal shear strength of a Cu perfect crystal
depends strongly on other components of the stress. The ideal shear strength of FCC
simple metals is de9ned as the maximum shear stress that the crystal can sustain when
sheared on the {1 1 1} plane in the positive 〈1 1 O2〉 direction. For Cu, the DFT results by
Ogata et al. (2002) gave the maximum shear stress as 2:16 GPa for relaxed shear (all
stress components except the principal shear stress are zero) and 3:42 GPa for unrelaxed
shear (all strain components except the principal shear strain are zero). This shows that
the value of the maximum shear stress depends on specifying the full local stress envi-
ronment of the nucleation site. Furthermore, the detailed study of dislocation nucleation
by Shenoy et al. (2000) indicated that the stress-based nucleation criterion is able to
capture only the qualitative features of the instability point induced via nanoindenta-
tion. A signi9cant quantitative diKerence is found between their stress-based predictions
and atomistic simulations. This is another piece of evidence pointing to the limitations
of the CRSS-based criterion for predicting homogeneous dislocation nucleation under
various loading conditions.

In this study, a localization criterion based on bifurcation analysis with atomistic in-
teractions will be employed to predict nanoindentation-induced dislocation nucleation.
This criterion was 9rst proposed by Hill (1962, 1975). He showed that the loss of
strong ellipticity in the strain energy function is an indication of the instability in a
solid. A review of localization analysis and its application for various types of con-
tinuum inelastic material models was given by Rice (1976). Several recent studies
demonstrated the applicability of this criterion in the atomically-informed continuum
model where the link between the movement of atoms and the deformation of the
continuum was made via the Cauchy–Born hypothesis. For example, Gao and Klein
(1998), Klein and Gao (1998), and Zhang et al. (2002) applied this localization cri-
terion to detect strain localization for virtual internal bond (VIB) material models, by
which the cohesive interactions between the material particles are incorporated into the
constitutive law with recourse to the Cauchy–Born hypothesis. Van Vliet et al. (2003)
used this criterion to detect dislocation nucleation in 2D simulations of nanoindentation
in a model material characterized by a generic interatomic potential. As shown in the
following section, the application of this localization criterion requires knowledge of
the nonlinear stresses and elastic moduli, which can be readily and rigorously calcu-
lated within the framework of interatomic potential-based hyperelasticity. Given these
atomically informed continuum quantities, this energy-based instability criterion is an
eKective tool to predict defect nucleation within a crystal, as it can identify the loca-
tion, character, and stress state required for homogeneous nucleation of a crystalline
defect.

The outline of the paper is as follows. In Section 2, the formulation of hypere-
lasticity which incorporates embedded atom model (EAM) interatomic potentials is
developed within the framework of continuum mechanics. Next, the elastic instability
criterion for defect nucleation is formulated, and the accuracy of EAM potentials is
veri9ed by comparison with ab initio electronic structure calculations. In Section 3,
the analytic solutions for frictionless indentation on a linear anisotropic elastic, sin-
gle crystal half-space are given for both 2D and 3D loading con9gurations based on
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the Stroh formalism, and analytic insights are used to rationalize the 9nite element
simulations. In Section 4, the 2D 9nite element simulations of nanoindentation based
on hyperelasticity and predictions of dislocation nucleation by the instability criterion
are validated via comparison with molecular dynamics simulations. The critical state
of nanoindentation-induced dislocation nucleation is quanti9ed with full 3D 9nite ele-
ment simulations in Section 5, and discussions and concluding remarks are presented
in Section 6.

2. Interatomic potential-based hyperelasticity of crystalline solids

2.1. Formulation

An interatomic potential-based constitutive relation can be derived within the frame-
work of hyperelasticity with the Cauchy–Born hypothesis (Born and Huang, 1956;
Ericksen, 1984; Tadmor et al., 1996; Ortiz and Phillips, 1999; Abeyaratne et al., 2001).
In continuum mechanics, we may identify a stress-free con9guration denoted by A.
The current deformed con9guration is denoted by B. A line element dxA in con9gu-
ration A is deformed into a line element dxB in con9guration B by the macroscopic
deformation gradient F ≡ 9xB=9xA. A fundamental postulate of hyperelasticity is the
existence of a strain energy function, e.g., Ogden (1984). Then, the symmetric second
Piola–KirchhoK stress is de9ned by

SPK2 ≡ 9�
9E ; (1)

with A as the reference con9guration, where � is the strain energy density function
(per unit stress-free volume) and the Green strain E is de9ned by

E ≡ 1
2

(FTF− 1): (2)

The Cauchy stress at the current con9guration B is obtained by

� =
1

det(F)
FSPK2FT: (3)

The link between the deformation of a continuum and that of the underlying lattice is
made through the Cauchy–Born hypothesis (Ericksen, 1984), which states that Bravais
lattice vectors of the crystal, bn (n = 1; 2; 3), deform according to the macroscopic
deformation gradient F,

bn
B = Fbn

A: (4)

In monatomic crystals like FCC and BCC simple metals, there are no internal degrees
of freedom, and the separation r between any two atoms also transforms as

rB = FrA: (5)

When the deformations of the continuum and the lattice are linked via the Cauchy–
Born hypothesis, the continuum strain energy density can be calculated from the in-
teratomic potential energy of underlying lattice. Here, we have assumed temperature
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T = 0, so there is no thermal Nuctuation. As all atoms are identical, we may consider
the energy of one atom at the origin to be representative. Within the framework of the
embedded-atom method (Daw and Baskes, 1983), the energy per atom �̂ is

�̂ =
1
2

∑
i

V (|ri|) + U (�); (6)

where V is the pair potential, � is the ambient electron density for the atom at the
origin and U is the energy required to embed this atom into this electron density. In
Eq. (6), |ri| is the interatomic distance and the index i runs over all atoms within a
speci9ed cut-oK radius Rcut. Since each atom occupies a volume of a primitive unit
cell, the strain energy density � is related to the energy per atom �̂ by � = �̂=�A,
where �A is the volume of the stress-free primitive unit cell. Given �, Cauchy stress
� at the current con9guration B can be obtained by substituting Eq. (6) into Eq. (3),

� =
1
�B

∑
i

[
1
2
9V
9r +

9U
9�

9�
9r

]
riB ⊗ riB
|riB|

; (7)

where �B is the volume of the current primitive unit cell, and all derivatives in
Eq. (7) are evaluated at riB.

Next, the atomistic expression for the tangent modulus is introduced. Consider a
further deformation from the current con9guration B to a new con9guration C. A line
element dxB in con9guration B is deformed into a line element dxC in con9guration
C by the deformation gradient F∗ ≡ 9xC=9xB. The second Piola–KirchhoK stress with
reference to con9guration B is given by S∗PK2 ≡ 9�∗=9E∗, where �∗ is the strain
energy per unit volume with reference to B and the Green strain E∗ ≡ 1

2 (F∗TF∗ − 1).
The energy density �∗ is obtained from the energy per atom �̂ by �∗ = �̂=�B. The
rate of S∗PK2 is related to the rate of Green strain E∗ by

Ṡ∗PK2 = C∗Ė∗; (8)

where C∗, which is a function of E∗, is de9ned as

C∗ ≡ 92�∗

9E∗9E∗ : (9)

The tangent modulus C is C∗ evaluated at E∗ = 0,

C ≡ 92�∗

9E∗9E∗

∣∣∣∣
E∗=0

(10)

=
1
�B

{∑
i

[
1
2

(
92V
9r2 − 1

|riB|
9V
9r

)
+
9U
9�

(
92�
9r2 − 1

|riB|
9�
9r

)]

× riB ⊗ riB ⊗ riB ⊗ riB
|riB|2

+
92U
9�2

(∑
i

9�
9r

riB ⊗ riB
|riB|

)(∑
i

9�
9r

riB ⊗ riB
|riB|

)}
:

(11)

In the above expression, all derivatives are evaluated at riB.
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The interatomic potential-based constitutive model described above is implemented in
the 9nite element program ABAQUS/Explicit (2001) by writing a “user material” sub-
routine. In the dynamic, explicit computational procedures of this package, the nonlinear
response is obtained incrementally, given the internal forces created by the stresses in
the elements, as well as the applied external forces at the start of an increment, time
t. Finite element procedures solve for the acceleration at the start of the increment by
solving the discretized local equations of motion. The velocities at time t + Vt=2 and
the displacements at time t + Vt are updated by a central diKerence time-integration
procedure. The deformation gradient for each integration point at time t + Vt is then
calculated based on the updated displacement 9eld. Given the calculated deformation
gradient, a constitutive equation subroutine is required in order to calculate the stress
in the element at time t + Vt. In the implementation of stress calculation according
to the Cauchy–Born hypothesis, each material point is represented by an FCC lattice,
always larger than a sphere of radius Rcut, which deforms according to the local contin-
uum deformation gradient. That is, at the beginning of the calculation (t = 0), a set of
neighboring atoms is created to represent the atomic environment. The lattice spacing
is chosen such that the corresponding stress is zero. For each time increment, those
neighboring atoms update their positions according to the local deformation gradient
F, which is generated according to the imposed boundary conditions. Then Cauchy
stress � and tangent modulus C are calculated by substituting the deformed positions
of neighboring atoms into Eqs. (7) and (11), respectively. Thus, material properties
depend exclusively on the atomistic description of the system. The e:ciency of 9nite
element calculations allows for the simulation of systems which are large compared to
those achievable via molecular dynamics calculations, while the computation remains
faithful to atomistic interactions at large strains. As such, this method quali9es as a
multiscale approach. In the present study, the quasi-static simulations of nanoindenta-
tion are made via the dynamic, explicit procedure at low loading rates. The explicit
solution method has proven to be eKective in solving quasi-static problems, and is
particularly e:cient for large, three-dimensional simulations dominated by contact.

2.2. Instability criterion for predicting defect nucleation

The homogeneous nucleation of dislocations results from catastrophic elastic insta-
bility, as formulated at the continuum level by Hill (1962, 1975). Hill showed that
the loss of strong ellipticity of the strain energy density function is an indication of
elastic instability of a solid, because at this point discontinuous modes of deforma-
tion become admissible solutions to the equilibrium equations. Rice (1976) derived the
same localization condition by admitting an incremental displacement jump across the
discontinuous interface. The localized deformation manifests itself along this interface
as slip or shear bands in inelastic materials. Here, we summarize the main results based
on Rice’s derivation and then connect these concepts to the non-linear elastic model
that incorporates an appropriate interatomic potential. In the atomistic limit, the shear
band represents unit shear, or a single dislocation characterized by its slip plane and
slip direction.
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The instability criterion given in this section can be applied in both FEM and MD
simulations. Since MD simulations do not store information on the starting con9gura-
tion and deformation history, it will be preferable to derive the localization condition
with reference to the current con9guration B. To this end, we 9rst consider a further
deformation from the current con9guration B to a new con9guration C and derive the
instability criterion at con9guration C. Then, we take con9guration C to be coincident
momentarily with con9guration B and obtain the instability criterion at the current
con9guration. The resulting expression will be suitable for both FEM and MD imple-
mentations. Rice (1976) assumed the following rate relation to describe the material
response,

Ṡ∗ = LḞ∗T; (12)

where L is the modulus tensor and the nominal stress tensor S∗ is de9ned so that nS∗

is the force acting, per unit area in the con9guration B, on a surface element of normal
vector n in B. It is related to the second Piola–KirchhoK stress S∗PK2, which is de9ned
with reference to B, by S∗ = S∗PK2F∗T. The localization condition is determined by
examining whether a bifurcation within a band of orientation n is possible such that the
continuing kinematical and equilibrium conditions are satis9ed. To maintain continuous
velocity across the imaginary interface between stable and unstable regions, the change
in deformation gradient Ḟ∗ across the discontinuous surface must be of the form,

VḞ∗ = g⊗ n; (13)

where g is the relative displacement vector across the interface. The continuous equi-
librium condition requires that the diKerence of Ṡ∗ across the discontinuous surface
satis9es,

nVṠ∗ = 0: (14)

Then, substitution of the constitutive law de9ned by Eq. (12) and the continuing kine-
matical condition given by Eq. (13) into the equilibrium condition Eq. (14) gives,

(nLn)g = 0: (15)

The onset of localization occurs when a non-trivial solution of g exists. That is, the
acoustical tensor Q(n) ≡ nLn becomes singular (Rice, 1976),

det[Q(n)] = 0: (16)

From energy analysis, it can be proven that the acoustical tensor Q(n) is positive de9-
nite when the material is stable, e.g., Rice (1976). Therefore, the determinant function
det[Q(n)] will approach zero from the positive side. The dislocation will be homo-
geneously nucleated when the determinant function det[Q(n)] attains zero-value for
the 9rst time. The associated eigenvector g calculated from the matrix of Q(n) will
represent the slip vector at the onset of dislocation nucleation.

The instability condition based on the above bifurcation analysis will be applied to
the current con9guration B to detect dislocation nucleation once Cauchy stress � and
tangent modulus C are calculated through either FEM or MD simulations. To study
bifurcation in con9guration B, we take con9guration C to be coincident momentarily
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with con9guration B, i.e., F∗ = 1. Under this condition, the following relations can be
easily derived,

Ṡ∗ = Ṡ∗PK2 + �Ḟ∗T; (17)

Ė∗ =
1
2

(Ḟ∗ + Ḟ∗T): (18)

Substituting Eqs. (17) and (18) into Eq. (12), and using Eq. (8), one obtains,

Lijkl = Cijkl + �il�jk : (19)

Cauchy stress � in con9guration B arises in the expression of the modulus tensor
L because the current con9guration B is generally a stressed state. Since the mod-
ulus tensor L is calculated according to the atomistically informed Cauchy stress
� and tangent modulus C in con9guration B, as de9ned by Eqs. (7) and (11),
the crystal lattice information is incorporated automatically. This tensor has the
symmetry

Lijkl = Llkji; (20)

but,

Lijkl 
= Ljikl; Lijkl 
= Lijlk ; (21)

as g and n are conceptually distinct vectors. Thus, Eq. (16) fully de9nes the site and
slip character of dislocations nucleated within simulations of calculable � and C.

Homogeneous nucleation of a defect has been studied in the context of elastic wave
instability by Li et al. (2002). That is, the defect nucleation is realized by a dynamic
process which comprises the progressive steepening of a localized wave front and
arrest of the 9nal atomistically sharp wave front in a low-dimensional atomic energy
landscape. The free energy-based �-criterion for wave instability (Li et al., 2002) is
equivalent to the defect nucleation criterion given by Eq. (16). The wavevector k and
the polarization vector w for the unstable transverse wave corresponds to the slip plane
normal n and the associated slip vector g, respectively. Though the current study is
not concerned with dynamics, the defect nucleation criterion given by Eq. (16) is still
referred to as the �-criterion.

2.3. Calibration of EAM potentials by ab initio calculation

Recent advances in optimal parametrization of the interatomic potential (Mishin
et al., 1999, 2001) enable improved accuracy of the constitutive model of interatomic
potential-based hyperelasticity, within its intrinsic limitations. The EAM potential for
Cu (Mishin et al., 2001) is employed in the present indentation simulations. The elastic
constants (at the stress-free state) and stacking fault energies obtained from experiments
and calculated via the EAM-Mishin potential are given in Table 1. For comparison,
the corresponding values calculated from another commonly used EAM potential by
Ackland et al. (1997) are also listed in Table 1.
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Table 1
Elastic constants and intrinsic stacking fault energies for Cu

Method C11 (GPa) C12 (GPa) C44 (GPa) �sf (mJ=m2)

Experiment 168.4 121.4 75.4 45
EAM-Mishin 169.9 122.6 76.2 44.4
EAM-Ackland 168.4 121.3 75.3 46.8
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Fig. 1. Stress versus strain curves for simple shear of Cu.

A reliable potential should not only 9t well the single point properties such as
elastic constants and the intrinsic stacking fault energy, but also characterize accu-
rately the deformation path up to the elastic limit. Consider a homogeneous simple
shear deformation on the (1 1 1) plane along the [1 1 O2] direction. The dash-dot line in
Fig. 1 shows the shear stress versus shear strain response predicted by the EAM-Mishin
potential. Here, the shear strain is de9ned by the shear displacement divided by the
Shockley partial slip in the [1 1 O2] direction a0=

√
6, where a0 is the lattice constant. In

order to test the accuracy of the EAM-Mishin potential, an ab initio DFT calculation is
performed whereby simple shear deformation is applied to a six-atom supercell of three
{1 1 1} layers. The stress versus strain response in the DFT calculation is obtained by
using the generalized gradient approximation (GGA) within an ultrasoft pseudopotential
total energy scheme (Ogata et al., 2002). It can be seen from Fig. 1 that the predic-
tion via the EAM-Mishin potential is in good agreement with the ab initio calculation.
Fig. 1 also shows the shear stress versus strain curve based on the EAM-Ackland po-
tential. Compared with the ab initio DFT calculation, the EAM-Mishin potential gives
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c

b
a

Fig. 2. Schematics of shear along the Shockley partial slip [1 1 O2] direction (from site a to b) and reversed
shear along the [ O1 O1 2] direction (from site a to c) above the close-packed (1 1 1) plane.

a more accurate description of 9nite shear deformation than does the EAM-Ackland
potential. We demonstrate below that the choice of a reliable potential is critical for
an accurate prediction of both the load versus displacement response and mode of
dislocation nucleation in nanoindentation simulations.

The above simple shear calculations also reveal an important feature at 9nite defor-
mation, i.e., asymmetry of shear stress response with respect to the shear direction. It
can be seen from Fig. 1 that the critical shear stress in the [1 1 O2] direction (3:91 GPa)
is much lower than the peak stress when sheared in the opposite direction, i.e., the
[O1 O1 2] direction (20:4 GPa). This asymmetry in critical shear stress is due to the eKect
of 9nite deformation, and can be understood by examining the relative motion between
adjacent close-packed planes in an FCC crystal. In Fig. 2, the dashed circles represent
one atomic layer of the close-packed (1 1 1) plane. The solid circles represent atoms
above this layer, and are originally located in sites such as the one denoted by a. The
shear along the partial slip [1 1 O2] direction corresponds to motion of the atom from
site a to b and the reversed shear along the [O1 O1 2] direction from site a to c. It is
immediately evident from Fig. 2 that, within the 9nite shear deformation regime, the
reversed shear along the [O1 O1 2] direction requires a larger dilatation normal to the slip
plane due to the mis9t of adjacent plane atoms, and hence needs to overcome a larger
energy barrier. Consequently, the critical shear stress in the [O1 O1 2] direction will be
much higher relative to that in the [1 1 O2] direction. Therefore, not only the magnitude
of shear stress but also the direction and the sense of shear deformation are rele-
vant in de9ning and predicting dislocation nucleation. This dependence of the homoge-
neous dislocation nucleation barrier on shear direction is in contrast to the conventional
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crystal plasticity model which assumes the symmetric resistance for the motion of ex-
isting dislocations (Asaro, 1983). The assumption of a symmetric slip barrier is based
on the statistical nature of the resistances which include forest dislocations thread-
ing through the slip plane, solute atoms or second phase particles acting as discrete
obstacles in the slip plane.

3. Indentation on a linear anisotropic elastic solid

As a complementary analysis of nanoindentation via interatomic potential-based
hyperelasticity, the analytic solutions for frictionless indentation on a linear elastic,
single crystal are given in this section for both 2D and 3D con9gurations. Ana-
lytic insights regarding the eKects of crystalline anisotropy are discussed, and serve to
rationalize the results of interatomic potential-based 9nite element simulations.

3.1. 2D indentation by a cylindrical indenter

Consider a frictionless cylindrical indenter of radius R pressed into a linear anisotropic
elastic half-space, as shown in Fig. 3. The coordinate system is oriented such that the
x3 axis is parallel to the axial direction of the cylinder. Within the regime of lin-
ear elastic deformation, the resulting displacement 9eld is only a function of in-plane
coordinates (x1; x2) and has no variation in the out-of-plane x3 direction. This is a
generalized two-dimensional problem which can be solved by recourse to the Stroh
formalism given in Appendix A. Fan and Hwu (1996) derived the general solution of
punch indentation on a linear anisotropic elastic half-space. We apply this general so-
lution to the present geometric con9guration. To 9rst order, the cylindrical pro9le can
be approximated by a parabola. By solving a standard Hilbert problem, the derivative

1x

2x

3x

Fig. 3. Schematics of 2D indentation: a cylindrical indenter on an elastic half-space.
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of the complex function f , as de9ned in Appendix A, is given by

f ′ =
i

2(M−1)22R




(B−1)12

(
z1 −

√
z2

1 − a2

)

(B−1)22

(
z2 −

√
z2

2 − a2

)

(B−1)32

(
z3 −

√
z2

3 − a2

)



; (22)

where i =
√−1, a denotes contact half-width, and the matrices B and M, as de9ned

in Appendix A, can be determined uniquely for a given set of the material elastic
constants. The subscript in Eq. (22) denotes the corresponding component of the matrix.
The stress 9eld is obtained by substituting the above expression into Eqs. (A.12)
and (A.13). Note that a di:culty arises in deriving the 2D load-penetration relation
which is absent in the 3D case: For an elastic half-space loaded two-dimensionally,
the displacement 9eld decays logarithmically from the contact point (Johnson, 1985).
Thus, there exist arbitrary, unresolved constants for the displacement 9eld such that the
load-penetration relation depends on the system size and the boundary conditions. How-
ever, the analytic expression relating indentation load and contact half-width can be
obtained by requiring that the stress singularity at the contact edge vanishes. This
explicit relation is given by

P =
�a2

2(M−1)22R
: (23)

The corresponding solution for isotropic elasticity has the same functional form, except
that the value (M−1)22 is replaced by (1 −  )=!, where ! is shear modulus and  is
Poisson’s ratio.

Based on the complex function given by Eq. (22), the stress distribution beneath
the indenter is calculated for a cylindrical indentation normal to the (1 1 1) surface
of Cu along the [1 O1 0] direction. The coordinate system in Fig. 3 is oriented such
that the x1 and x2 axes correspond with the [1 1 O2] and [1 1 1] directions, respectively.
The out-of-plane x3 axis is along the [1 O1 0] direction. The elastic constants for single
crystal Cu are taken to be the values 9tted by the Mishin potential as listed in Table 1.
The radius of the indenter R is taken to be 50 ZA, and the imposed contact half-width
is chosen as a = 17:4 ZA to facilitate comparison with MD and FEM simulations. The
distribution of Mises stress beneath the indenter is shown in Fig. 4(a). The eKect of
material anisotropy is revealed by comparing the Mises stress contour for an isotropic
material (Johnson, 1985) with that for single crystal Cu. For an isotropic material, this
stress distribution is symmetric with respect to x2 axis. Taking Poisson’s ratio to be
0.3, the point of maximum Mises stress is along x2 axis at a depth of 0:70a. For single
crystal Cu, the anisotropy factor, de9ned by 2C44=(C11 − C12), is 3.22. As shown in
Fig. 4(a), the Mises stress contour is not symmetric about x2 axis due to this elastic
anisotropy. The point of maximum Mises stress is oK-center by 0:24a and at a depth
of 0:66a. The corresponding maximum Mises stress is 10:16 GPa.
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Fig. 4. Stress contour beneath a cylindrical indenter from the 2D analytic solution: (a) Mises stress, (b)
Shear stress resolved into (1 1 O1)[1 1 2] slip system. The numbers indicated on the contour map are in units
of GPa.

Dislocations tend to nucleate and move on certain close-packed slip planes and di-
rections in crystalline metals. The shear stresses resolved into the FCC primary slip
systems of {1 1 1}〈1 O1 0〉 and {1 1 1}〈1 1O2〉 are calculated. For the current orientation
of the underlying crystal structure with respect to the indentation loading axis, the
maximum magnitude of resolved shear stress is on the Shockley partial slip system
(1 1 O1)[1 1 2]. The slip plane (1 1 O1) is oriented at 19:47◦ with respect to x2 axis.
Fig. 4(b) shows the contour of resolved shear stress on the (1 1 O1)[1 1 2] slip system.
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The point of maximum magnitude of resolved shear stress lies to the left of x2 axis by
0:54a and at a depth of 0:66a. The corresponding resolved shear stress is −7:55 GPa.

Analytic insights gained from the above linear elastic analysis can be used to ra-
tionalize numerical simulations. First, for this particular orientation, the out-of-plane
displacement is null due to the mirror symmetry of the lattice with respect to the
(1 O1 0) plane (prior to the possible symmetry breaking caused by the elastic instability).
Therefore, this is a true plane strain problem within the elastic deformation regime. No
further approximation is needed for this generalized plane strain problem when using
plane strain elements in 2D 9nite element simulations. More importantly, the choice
of the current indenter geometry will facilitate the study of homogeneous nucleation
of dislocation in the bulk by mitigating surface eKects. That is, for the current orienta-
tion, the resolved shear stress reaches its maximum value at some distance beneath the
surface. This is in contrast with the computational nanoindentation study by Tadmor
et al. (1999a), which examined the same crystallographic orientation as considered in
the present work, but under a rectangular punch indenter. The sharp corners of such
an indenter induce dislocation emission from the contact point at the surface, where
the interpretation of atomic stress at free surfaces is unclear (Cheung and Yip, 1991)
and the role of ledge formation is di:cult to quantify unambiguously.

3.2. 3D indentation by a spherical indenter

The analytic load versus displacement relation is given in this subsection for in-
dentation of a spherical indenter on the {1 1 1} surface of a single crystal half-space.
Fig. 5 shows a spherical indenter of radius R in contact with a linear elastic anisotropic
half-space. The coordinate system is oriented such that x1, x2 and x3 axes corre-
spond with the [1 1 O2], [1 1 1] and [1 1 0] directions, respectively. To 9rst order, the
spherical indenter can be approximated by a paraboloid. The general elastic solution
for the indentation on an anisotropic half-space by a paraboloid was 9rst derived by
Willis (1966) using the Fourier transform technique. Based on the Green’s function
for an elastic, anisotropic half-space (Barnett and Lothe, 1975), the simpli9ed elastic

3x

3x

1x

2x

Fig. 5. Schematics of 3D indentation: a spherical indenter on an elastic half-space.
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solutions for the indentation load versus displacement response were given by
Vlassak and Nix (1993, 1994), Swadener and Pharr (2001) for various indenter pro9les.
Willis (1966) showed that the contact area produced by a paraboloid on an anisotropic,
elastic half-space is elliptical in shape. For indentation normal to a {1 1 1} surface with
inherent three-fold rotational symmetry, the contact area is circular. The load P versus
penetration h relation is simply given by

P =
4
3
E∗R1=2h3=2; (24)

where the indentation modulus E∗ is

E∗ =

(
1

4�

∫ 2�

0
L̂−1

22 (�) d�

)−1

: (25)

In Eq. (25), the Barnett–Lothe tensor L̂, de9ned by Eq. (A.14) in Appendix A, is
calculated in the transformed x′1–x2–x′3 coordinate system, which is obtained by rotating
x1 and x3 axes in the x1–x3 plane an angle � about x2 axis. For an isotropic material
deformed via a rigid indenter, the indentation modulus E∗ reduces to E=(1− 2), where
E denotes Young’s modulus. The above analytic solution will be used to benchmark
3D FEM simulations. For elastic constants 9tted by the EAM-Mishin potential as given
in Table 1, the value of E∗ calculated from Eq. (25) is 153 GPa.

4. 2D nanoindentation-induced dislocation nucleation

4.1. Validation of FEM simulations

In this section, FEM simulations using interatomic potential-based hyperelasticity is
validated by comparing 2D cylindrical indentation results with direct MD simulations.
The same interatomic potential of Cu 9tted by Mishin et al. (2001) is used for the
constitutive input of FEM simulations and MD interatomic force 9eld calculations. The
indentation orientation is the same as that for the linear analysis in Section 3. That
is, a cylindrical indenter along the [1 O1 0] direction is imposed normal to the (1 1 1)
surface.

ABAQUS/Explicit (2001) is implemented to simulate 2D indentation. A small system
size, 200×100 ZA, is simulated for direct comparison with MD calculations. Plane strain
linear, triangular elements are used, with each element representing a homogeneously
deformed crystallite. The boundary conditions are 9xed at the bottom, free on the top
surface and 9xed in the x1 directions on two sides. The cylindrical indenter is de9ned
by an analytic rigid surface with a radius R of 50 ZA. The contact between the indenter
and the surface is frictionless. The quasi-static solution is approximated by maintaining
the kinetic energy at less than 1% of the internal energy of the system.

MD simulations at the temperature 1 K are performed to compare with FEM cal-
culations. The same in-plane boundary conditions as FEM simulations are used and
periodic boundary conditions (PBC) are applied for the out-of-plane x3 direction. In
order to follow the minimum image convention in MD implementation, ten layers of



T. Zhu et al. / J. Mech. Phys. Solids 52 (2004) 691–724 707

0 1 2 3 4 5 6 7 8
0

20

40

60

80

100

120

140

Displacement [A]

Lo
ad

 [N
/m

]

FEM-Ackland 

MD-Ackland 

FEM-Mishin 

MD-Mishin 

Fig. 6. Load versus displacement curves of nanoindentation by a cylindrical indenter from FEM and MD
simulations.

atoms are used along the x3 direction. This ensures that the half-thickness of the PBC
box is greater than the Mishin potential cut-oK radius. The indenter is regarded as
an external repulsive potential interacting with copper atoms at the surface (Kelchner
et al., 1998),

�ext(r) = AH (R− r)(R− r)3; (26)

where A is a force constant and H (r) is the step function. In the present calculations,
A = 10 eV= ZA3. The indentation proceeds in displacement-control at a speed of about
1 m=s.

The calculated nanoindentation responses based on the Mishin potential are given in
Fig. 6. It can be seen that the P–h responses predicted by FEM and MD are in good
agreement. The MD response shows a sharp drop in load at an indentation depth of
6:65 ZA, which indicates the onset of homogeneous nucleation of dislocation within the
crystal. This load drop was not captured in the corresponding FEM simulation because
the 2D setting constrains the out-of-plane displacement mode that the homogeneously
nucleated dislocation takes, as shown in the MD simulation. Fig. 6 also shows the
P–h response calculated via the Ackland potential for the same indenter radius and crys-
tallographic orientation. Though agreement between FEM and MD predictions based on
the Ackland potential further validates the FEM calculation, the signi9cant diKerences
in the predicted P–h response and critical load drop point given by each of these poten-
tials underscore the importance of optimal parametrization of the interatomic potential.

The calculated stress distribution beneath the indenter is compared between FEM and
MD simulations based on the Mishin potential. FEM stress computation at each mate-
rial point follows the constitutive model of interatomic potential-based hyperelasticity
as given by Eq. (7), which is dictated by the local deformation gradient. In contrast,
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Fig. 7. Contours of Mises stress (in GPa) beneath a cylindrical indenter: (a) FEM and (b) MD simulations.

for every atom in the MD simulation, atomic Cauchy stresses are calculated by
substituting the actual coordinates of neighboring atoms into Eq. (7). Thus the po-
sitions of neighboring atoms are explicitly tracked for every time step. Though the
de9nition of atomic Cauchy stress is not strictly well-posed in terms of the contin-
uum concept of stress, the value of atomic stress represents an eKective measure of
the stress state imposed on each atom. Figs. 7(a) and (b) show the contours of Mises
stress calculated from FEM and MD simulations, respectively. The indentation depth is
6:65 ZA, corresponding to the indenter displacement immediately preceding dislocation
nucleation. It can be seen that the FEM prediction based on interatomic potential-based
hyperelasticity is in good agreement with that of the MD simulation. Both simulations
give the maximum Mises stress about 25 GPa. However, the Mises stress contours
shown in Figs. 7(a) and (b) diKer signi9cantly from the linear elastic result for in-
dentation on a 2D half-space, as shown in Fig. 4(a) for the same contact half-width
as FEM/MD simulations. These diKerences can be attributed to the elastic nonlinearity
of the highly deformed material near the indenter and the boundary eKects due to the
9nite size of the simulated system.
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4.2. MD simulation of dislocation nucleation

Though MD simulations are limited by the achievable length and time scales, this
approach has the distinct advantage of allowing defects to nucleate and evolve spon-
taneously, without prescribing the site and nature of such defects. Thus, the atomic
structure of the emerging dislocation is directly revealed by MD simulations. Fig. 8(a)
shows the embryo of a homogeneously nucleated dislocation via MD simulation us-
ing the Mishin potential. Atoms are color-encoded by coordination number N (Li,
2003). Perfectly coordinated atoms, N = 12, are color-encoded as yellow, and other
colored atoms indicate N 
= 12. Tracing of atomic trajectories indicates that relative
motion between the left and right two (1 1 O1) layer blue atoms represents a Shock-
ley partial slip along the [1 O2 O1] direction within the (1 1 O1) slip plane. This partial
slip takes a mixed in-plane and anti-plane shear mode. Due to the 2D nature of MD
simulations, the homogeneously nucleated defect is a dislocation line with the [1 O1 0]
line direction perpendicular to the x1–x2 plane. Note that there is another equivalent
Shockley partial slip direction [O2 1 O1] due to mirror symmetry of the (1 1 O1) slip plane
with respect to the x1–x2 plane. In a MD simulation, activation of either of these
two equivalent Shockley partial slip systems is possible and dependent on numerical
noise.

For comparison, Fig. 8(b) displays the atomic structure of the homogeneously nucle-
ated dislocation via MD simulation using the Ackland potential. It can be seen that the
activated slip system of the Shockley partial is on the (1 1 O1) plane and along the [O1 O1 O2]
direction. In contrast to the mixed shear mode of the Shockley partial slip predicted
by the Mishin potential, the simulation via the Ackland potential generates a partial
slip event with a pure in-plane shear mode. This discrepancy in slip orientation can
be correlated with the simple shear calculations given in Fig. 1, which shows that the
Ackland potential predicts a 9ctitiously high critical stress when sheared in the [1 1 O2]
direction and a decrease in critical shear stress when sheared in the reversed direction,
with respect to calculations via the Mishin potential. When using the Ackland potential
in nanoindentation simulation, due to this artifactual reduction of the shear barrier in
the [O1 O1 O2] direction (equivalent to the [O1 O1 2] direction in Fig. 2), the Shockley partial
slip is 9rst developed along this direction. In contrast, the high shear barrier along the
[O1 O1 O2] direction for the Mishin potential forces the Shockley partial slip to develop in
the [1 O2 O1] direction. This slip direction is equivalent to the [1 1 O2] direction in Fig. 2
and hence has a much lower critical stress. The MD simulations are terminated at this
point because further evolution of the dislocation structure, including heterogeneous
nucleation of dislocations and interaction among dislocations, depend strongly on the
loading rate and the simulated system size. This topic on massive dislocation activity
beneath the indenter is addressed by Van Vliet et al. (2003).

4.3. Prediction of dislocation nucleation by instability criterion

Continuum level defect nucleation studies require a reliable instability criterion which
should capture the moment, location and nature of homogenously nucleated defects.
Below, both the interatomic potential-based �-criterion and the critical resolved shear
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Fig. 8. MD simulations of nanoindentation by a cylindrical indenter: atomic structure of homogeneously
nucleated dislocation on the (1 1 O1) plane. (a) Shockley partial slip along the [1 O2 O1] direction from Mishin
potential; (b) Shockley partial slip along the [ O1 O1 O2] direction by Ackland potential.

stress (CRSS) criterion are evaluated by comparing the corresponding defect nucleation
predictions with those obtained via direct MD simulations.

Since all the atomic information is channeled through the Cauchy stress � and tan-
gent modulus C, the �-criterion can be readily incorporated into 9nite element analysis.
Localization indicator det[Q(n)] is calculated at the element level to detect dislocation
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Fig. 9. Contour of det[Q(n)] by 2D FEM simulation.

nucleation. Testing for the formation of a localization surface involves a search over all
the possible orientations speci9ed by the vectors n. Given the atomistically informed
L tensor, the general algorithm for searching critical surfaces involves a constrained
6-dimensional minimization by which the localization surface normal n and the di-
rection of relative displacement vector g, as de9ned in Section 2.2, are determined
simultaneously (Li et al., 2002; Van Vliet et al., 2003). For the FCC lattice considered
here, we simply trace the current surface normals n of close-packed {1 1 1} slip planes
from their initial surface normals no by the relation n = no F−1 (Asaro, 1983). When
an instability occurs, the acoustical tensor Q(n) will no longer be positive de9nite.

Fig. 9 shows the contour of det[Q(n)] at an indentation depth of 6:68 ZA, corre-
sponding to the moment when the onset of dislocation nucleation is 9rst detected at
one integration point. The critical indentation depth predicted by FEM calculation is in
good agreement with that by MD simulation. In calculating det[Q(n)], the modulus L
is normalized via the elastic constant C44 = 75:4 GPa. It can be seen from Fig. 9 that
the interpolated values of det[Q(n)] within the dark grey region beneath the indenter
are small negative values, which indicate the site of a homogeneously nucleated dis-
location. The position of this dislocation nucleation site is 14:25 ZA below the surface,
and displaced 5:75 ZA from the central x2 axis, while the center of dislocation core in
MD simulation shown in Fig. 8(a) is approximately 16:66 ZA below the surface and
displaced 5:16 ZA from the x2 axis. Thus, FEM prediction of the nucleation site agrees
well with that of MD simulations, to one atomic lattice spacing. The direct prediction
of slip directions via the eigenvector analysis of the corresponding matrix Q(n) is
limited by the present, highly symmetric crystallographic orientation. MD simulations
indicate that the Shockley partial slip develops along one of two equivalent slip direc-
tions, i.e., [1 O2 O1] or [O2 1 O1], within the (1 1 O1) plane. This is a degenerate-eigenvector
situation which can be detected numerically by diagonalization of the matrix Q(n). For
the degenerate case, the slip orientations resulting from the instability can be identi9ed
from crystallographic symmetry, without resorting to a higher-order (cubic, quartic)
analysis of the strain energy.

For comparison, the stress-based dislocation nucleation criterion (CRSS) is also eval-
uated in FEM calculations using the constitutive model of interatomic potential-based
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Fig. 10. Distribution of resolved shear stress (in GPa) by 2D FEM simulation: (a) (1 1O1)[1 1 2] slip system,
(b) (1 1 O1)[1 O2 O1] slip system.

hyperelasticity. The linear elastic analysis indicates that the maximum resolved shear
stress occurs on the Shockley partial slip system (1 1 O1)[1 1 2], while the MD simu-
lation indicates that the dislocation will nucleate in one of two other equivalent slip
systems, (1 1 O1)[1 O2 O1] or (1 1 O1)[O2 1 O1]. Since the critical shear stress sensitively depends
on other local stress components (Ogata et al., 2002) as discussed in Introduction, the
value of CRSS corresponding to the local stress environment associated with nanoin-
dentation is a priori unknown. Therefore, we back out the value of CRSS within a
nanoindentation-induced stress 9eld from the �-criterion. Speci9cally, the shear stresses
resolved into diKerent slip systems are calculated when the indenter is displaced to the
critical depth for dislocation nucleation as predicted by the �-criterion. Figs. 10(a)
and (b) show contours of resolved shear stress on (1 1 O1)[1 1 2] and (1 1 O1)[1 O2 O1] slip
systems from FEM calculations. It can be seen from Fig. 10(a) that the shear stress
along the [1 1 2] direction maximizes on the right side of the x2 axis with a value about
2:8 GPa and the shear stress along the [O1 O1 O2] direction maximizes on the left side with
a value approximately 11:1 GPa. In contrast, Fig. 10(b) shows that the shear stress
in the [1 O2 O1] direction maximizes on the left side of the x2 axis with a value about
5:6 GPa and the shear stress along the [O1 2 1] direction maximizes on the right side
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with a value about 1:4 GPa. Due to the asymmetric instability threshold for 9nite shear
deformation, the dislocation will nucleate along the [1 O2 O1] direction as shown in MD
simulations, though the magnitude of the corresponding resolved shear stress, 5:6 GPa,
is smaller than that in the [O1 O1 O2] direction, 11:1 GPa. Thus the critical shear stress for
nanoindentation by a cylindrical indenter is determined to be 5:6 GPa. This value is
much higher than that for the unrelaxed simple shear (3:4 GPa) from DFT calculation
since the instability occurs within a highly compressive stress environment associated
with nanoindentation. This result reinforces the concept that the critical shear stress
required to nucleate a dislocation homogeneously is not a unique value, but is in fact
quite dependent on the local stress state of the crystal.

The site of maximum resolved shear stress along the [1 O2 O1] direction shown in
Fig. 10(b) is about 9:9 ZA below the surface and 9:2 ZA on the left of x2 axis. It diKers
from the site of minimum det[Q(n)] shown in Fig. 9. MD simulation of the dislocation
nucleation process veri9es that the �-criterion accurately predicts the location of dis-
location nucleation, whereas the CRSS criterion is only approximate. The advantages
of the �-criterion over the CRSS criterion could be further appreciated as follows:
The �-criterion is parameter-free for a given lattice structure and interatomic potential.
Dislocation nucleation occurs as a natural consequence of losing the positive-de9nite
property of the acoustical tensor Q(n). Moreover, the inNuence of the stress state on
instability is embedded in the L tensor. For the CRSS criterion, the threshold needs to
be calibrated and a 9xed value of CRSS is unable to capture accurately instability for
various stress states.

5. 3D nanoindentation-induced dislocation nucleation

In this section, we present 3D simulations of nanoindentation by a spherical inden-
ter to quantify the critical state of dislocation nucleation in single crystal Cu. Actual
experimental conditions are approached by creating a system size larger than that at-
tainable via atomistic simulations and by maintaining a quasi-static indentation loading
rate. Predictions are given as to when and where the dislocation will nucleate within
the crystal, and what slip mode the nucleated dislocation will take. The critical stress
state at the nucleation site is veri9ed by the DFT calculation. The ideal shear strength
probed through nanoindentation, which is de9ned as the CRSS at the site of the 9rst
homogeneous dislocation nucleation event, is evaluated. Finally, 3D MD simulations
are performed to verify predictive simulations qualitatively.

5.1. Load-displacement response

Indentation is simulated for a frictionless spherical indenter pressed into the (1 1 1)
surface of an anisotropic, elastic half-space. The radius of the indenter is 500 ZA, the
approximate tip radius of a nominally sharp Berkovich indenter used in nanoindentation
experiments. Extensive testing is undertaken to assess the eKects of geometry of the
simulated system, imposed far-9eld boundary conditions, element type, and node den-
sity by comparing with the Hertzian solutions for linear isotropic and anisotropic elastic
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Fig. 11. Load versus displacement curves of nanoindentation by a spherical indenter.

materials. The size of the simulated system is taken to be 3000× 3000× 6000 ZA. The
choice of the elongated system along the indentation direction is based on the study of
FEM calculations of Vickers indentation by Giannakopoulos et al. (1994), who showed
that the boundary condition error is minimized in this manner. The computational cost
can be further reduced considering the three-fold rotation symmetry of the (1 1 1) sur-
face. In the simulation, the displacement along the bottom of the mesh is constrained
to be zero, while the displacements of lateral surfaces are unconstrained. The force on
the indenter will increase by about 5% if the traction-free boundary condition of lateral
surfaces is changed to be 9xed (Laursen and Simo, 1992). The graded mesh comprises
8-node linear brick elements. The typical size of elements near the indenter is about
10 ZA, and indentation proceeds in displacement-control. Fig. 11 compares the indenta-
tion responses predicted by the analytic solution given in Section 3.2, FEM simulations
based on linear anisotropic elasticity and on interatomic potential-based hyperelasticity.
The FEM simulation based on linear anisotropic elasticity is in good agreement with
the analytic solution, while the force on the indenter from the FEM simulation based
on interatomic potential-based hyperelasticity is larger due to the non-linear elastic
eKect generically termed “pressure-hardening”, but which has been discovered to be
highly dependent on orientation (Ogata et al., 2002). The calculations are terminated
at an indentation depth of 50:3 ZA, when the onset of dislocation nucleation is 9rst
detected via the dislocation nucleation criterion. The corresponding indentation load
is about 17:4 �N. Load-controlled nanoindentation experiments (Suresh et al., 1999)
on polycrystalline Cu 9lms of diKerent 9lm thicknesses showed that the 9rst burst in
the P–h response occurs at a load of 35 ± 10 �N. This discrepancy between the pre-
dicted and experimentally determined critical load is mainly due to the idealization of
rounded Berkovich indenter tip as a spherical indenter, and/or to various experimental
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Fig. 12. Illustration of dislocation nucleation sites and the corresponding slip systems: top view of the
indented (1 1 1) surface. Some important crystallographic planes and directions are also projected into the
(1 1 1) plane.

uncertainties such as estimated tip radius, surface oxidation and strong polycrystalline
texture in real 9lms.

5.2. Prediction of dislocation nucleation

The dislocation nucleation sites are identi9ed via the �-criterion. Fig. 12 shows the
top view of the indented (1 1 1) surface. The global Cartesian coordinate system is the
same as that in the linear analysis. For the convenience of positioning nucleation sites,
the (r; &; z) coordinate system is introduced, where (r; &) are the polar coordinates in
the x1–x3 plane and the coordinate z is the distance below the (1 1 1) surface. The
important crystallographic planes and directions are projected into the (1 1 1) plane as
shown in Fig. 12. The (1 1 1) surface has a three-fold rotation symmetry about the
[1 1 1] direction. The other three close-packed {1 1 1}-type planes, represented by the
shaded triangles in Fig. 12, are positioned symmetrically below the (1 1 1) surface, and
at an orientation of 120◦ with respect to each other about the [1 1 1] loading axis. For
2D indentation discussed in the previous section, the (1 1 O1) slip plane is favored for
dislocation nucleation due to the kinematic constraints imposed by the 2D nature of
the simulation. In contrast, three {1 1 1}-type slip planes beneath the (1 1 1) surface are
equivalent in 3D indentation.

Without loss of generality, the critical sites for dislocation nucleation on the (1 O1 1)
slip plane are 9rst identi9ed. The corresponding spatial distribution of det[Q(n)] is 3D
in character, but it is symmetric with respect to the &=2�=3 plane due to the symmetry
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Fig. 13. Contour of det[Q(n)] by 3D FEM simulation, the cross section plane is x1–x2 plane.

of the (1 O1 1) slip plane about the &= 2�=3 plane. The distribution of det[Q(n)] within
the &=2�=3 plane presents very similar characteristics to that for the 2D case as shown
in Fig. 9. As the detected sites deviate from the &= 2�=3 plane, the spatial distribution
of det[Q(n)] changes. Two nucleation sites are identi9ed from the critical elements with
vanishing det[Q(n)]. The projected positions of these two critical sites are schematically
represented by points A and C in Fig. 12. The contour of det[Q(n)] for the (1 O1 1)
slip plane is shown in Fig. 13. The black color element with a small negative value of
det[Q(n)] indicates the site of nucleation. One nucleation site within the x1–x2 plane
(& = 0) is visible in Fig. 13 and it corresponds to point A in Fig. 12. The in-plane
coordinate of this nucleation site (in the undeformed coordinate system) is 92:7 ZA
below the contact surface and oK the central axis by 96:5 ZA. For the present indentation
simulation (indenter radius R = 500 ZA and critical penetration depth h = 50:3 ZA), the
nominal contact radius a =

√
Rh = 158:6 ZA. Thus, the nucleation sites are 0:58a below

the contact surface and displaced from the central axis by approximately the same
distance, 0:61a.

The slip directions of the homogeneously nucleated dislocation are predicted by the
eigenvector analysis of the corresponding matrix Q(n). The deformation gradient matrix
FCrit corresponding to the critical element in Fig. 13 is

FCrit =




0:984 −0:011 0:000

−0:115 0:920 0:005

0:000 −0:001 1:064


 : (27)

The Cauchy stress, elastic constant and current slip plane normal are then calculated.
The eigenvector analysis predicts that the slip vector g (in the global coordinate system)
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Table 2
Positions and slip systems of homogeneously nucleated dislocations

Nucleation site Position (r; &; z) Slip systems

A 0:58a; 0; 0:61a (1 O1 1)[1 O1 O2] & (O1 1 1)[ O1 1 O2]
B 0:58a; 2�=3; 0:61a ( O1 1 1)[ O1 O2 1] & (1 1 O1)[1 O2 O1]
C 0:58a; 4�=3; 0:61a (1 1 O1)[ O2 1 O1] & (1 O1 1)[ O2 O1 1]

is [0:630 0:346 0:695]T, while the normalized slip vector calculated from the classical
relation gives g = Fgo = [0:675 0:374 0:636]T, where the initial slip vector go (in the
crystal coordinate system) is [1 O1 O2]T. Accordingly, at the nucleation site A, a Shockley
partial slip along the [1 O1 O2] direction will develop within the (1 1 O1) slip plane. For
the (1 1 O1) slip plane at the nucleation site C, the Shockley partial slip direction is
determined to be along the [O2 O1 1] direction by taking into account the symmetry of
the (1 1 O1) plane with respect to the & = 2�=3 plane.

Similarly, the nucleation sites and slip modes for the (O1 1 1) and (1 O1 1) slip planes
are determined based on three-fold symmetry of the (1 1 1) surface. In summary, there
are three symmetrically distributed dislocation nucleation sites below the (1 1 1) surface,
as designated schematically by the points (A, B, C) in Fig. 12. At each site, two slip
planes are equally likely to be activated. Table 2 summarizes the positions and slip
systems at each nucleation site. In previous studies (Suresh et al., 1999; Gouldstone
et al., 2000), the maximum equivalent shear stress criterion is used to identify the
dislocation nucleation sites. From the Hertzian contact solution based on linear elasticity
(Johnson, 1985), the only potential dislocation nucleation site is along the central axis
at a depth of 0:48a.

5.3. Ideal shear strength of Cu

One of the potential applications of nanoindentation is the experimental character-
ization of the ideal shear strength of the material. The correlation of the ideal shear
strength with the onset of P–h discontinuity has been made by stress analysis from
the Hertzian contact solution based on linear isotropic elasticity, see Gerberich et al.
(1996) for Si Kiely and Houston (1998) for Au, Suresh et al. (1999) and Gouldstone
et al. (2000) for Al and Cu. A recent study by Krenn et al. (2002) gave a better
connection between the atomistic and experimental estimates of ideal shear strength of
W and Mo by taking into account non-linear elastic eKects. The detailed ab initio DFT
calculations for a:ne shear deformation of Cu and Al by Ogata et al. (2002) showed
that the ideal shear strength strongly depends on the triaxial stress state. In this subsec-
tion, the ideal shear strength of Cu is obtained from the critical shear stress resolved in
the Shockley partial slip direction at the dislocation nucleation site. Though the value
of ideal shear strength is not uniquely de9ned and depends on the deformation state
at the point of instability, the ideal strength probed through nanoindentation provides
a means to quantify this mechanical parameter experimentally.
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Substitution of the deformation gradient matrix Eq. (27) into Eq. (7) gives the
Cauchy stress in the global coordinate system

�Mishin =



−0:79 −5:86 0:22

−5:86 −19:38 0:49

0:22 0:49 −4:61


GPa: (28)

Using the same deformation gradient in Eq. (27), the ab initio DFT calculation
following the scheme by Ogata et al. (2002) gives the Cauchy stress

�DFT =



−0:59 −5:90 0:21

−5:90 −19:24 0:48

0:21 0:48 −5:41


GPa: (29)

The agreement between the above two calculations demonstrates the accuracy of quan-
titative characterization of the critical stress state from FEM simulations via the Mishin
potential. The ideal strength, e.g., resolved shear stress in the (1 O1 1)[1 O1 O2] slip system,
is then calculated to be 4:56 GPa, and the corresponding triaxial stress is −8:26 GPa.
Compared to the fully relaxed pure shear deformation calculation (the ideal shear
strength of 2:16 GPa and triaxial stress of zero) by Ogata et al. (2002), the ideal
shear strength probed by nanoindentation is greater by a factor of two, due to the large
triaxial stress at the critical site of dislocation nucleation.

5.4. MD simulation

Direct MD simulations conducted for a smaller system at a comparatively high in-
dentation loading rate (about 6 m=s) qualitatively verify the prediction of dislocation
nucleation via the �-criterion. A spherical indenter with a radius of 50 ZA is pressed
into the (1 1 1) surface of a Cu cube with an approximate side length of 100 ZA.
Figs. 14(a) and (b) show the bottom view (along [1 1 1] direction) and the side
view (along [1 1 O2] direction) of three dislocation embryos nucleated on the inclined
{1 1 1}-type slip planes beneath the surface, respectively. The perfectly coordinated
atoms within the bulk (N = 12) have been removed from the images for clarity, such
that only surface and imperfectly coordinated atoms are visible. The green atom in Fig.
14(a) represents the 9rst contact point between the indenter and the (1 1 1) surface. In
contrast to the formation of a straight dislocation line in 2D simulation, the dislocation
embryo nucleates as a group of atoms, and will expand into a partial dislocation loop.
Embryo size is indicative of the sequence of embryo nucleation, with larger embryos
nucleating at earlier time increments. In the MD simulation, it is observed that the
largest embryo shown in Figs. 14(a) and (b) 9rst nucleates along the (1 O1 1) plane.
Then, the medium-sized embryo nucleates along the (O1 1 1) plane almost simultane-
ously. The site and slip mode of this second embryo are symmetric to those of the 9rst
embryo, with respect to x1–x2 plane. In the time increment shown in Figs. 14(a) and
(b), the smallest embryo has just nucleated. It will expand within the same (1 O1 1) slip
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Fig. 14. MD simulation of nanoindentation by a spherical indenter: atomic structure of homogeneously
nucleated dislocations beneath the (1 1 1) surface: (a) bottom view along the [1 1 1] direction; (b) side view
along the [1 1 O2] direction. The indenter 9rst contacts the green atom.

plane as the 9rst embryo and coalesce. These three, symmetrically distributed nucle-
ation sites observed in MD simulations agree with predictions from FEM simulations
via the �-criterion. The same distribution of nucleation sites and structure of dislo-
cation embryos were also observed by Kelchner et al. (1998) in MD simulations of
indentation on the (1 1 1) surface of Au. They further identi9ed the slip vector via the
centrosymmetry parameter. For example, they observed that the slip on the (O1 1 1) plane
is in the [O1 O2 1] direction, which agrees with the prediction based on the eigenvector
analysis of the �-criterion. Thus, the important features of the homogeneously nucle-
ated dislocations predicted by FEM calculations via the �-criterion qualitatively agree
with MD simulations, though the quantitative state including the critical indentation
load and stress 9eld for dislocation nucleation diKer due to discrepancies in loading
rate and system size.

In MD simulations for Cu given above and for Au by Kelchner et al. (1998), it is
observed that at the very early stage of dislocation nucleation, the glide process always
occurs along two of the three inclined {1 1 1}-type slip planes. A three fold symmetric
defect structure is never obtained. The loss of the (1 1 1) surface three-fold symme-
try can be explained by examining the distribution and slip characters of nucleated
dislocations shown in Figs. 14(a) and (b) with reference to the predictions given in
Table 2 and Fig. 12. Though there exist three equivalent dislocation nucleation sites
and two possible slip planes at each site, the 9rst nucleated two dislocations along
the (1 O1 1) and (O1 1 1) slip planes occupy each of two possible nucleation sites for the
(1 1 O1) slip plane, respectively. Moreover, the two nucleated dislocations with symmet-
ric sites and slip modes could accommodate geometrically the deformation imposed by
the indenter penetration. Accordingly, the subsequent activation of the glide process
along the (1 1 O1) slip plane is likely to be suppressed, as observed in MD simulations.
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6. Discussion and summary

Nanoindentation-induced homogeneous dislocation nucleation in single crystal cop-
per has been analyzed within the framework of hyperelasticity with the Cauchy–Born
hypothesis. Homogeneous dislocation nucleation is interpreted as a strain localization
event triggered by elastic instability in a perfect crystal at 9nite strain. Since the consti-
tutive model of interatomic potential-based hyperelasticity incorporates the key crystal
properties such as crystalline anisotropy and nonlinear elastic eKects, it is well-suited
to the study of defect nucleation at the continuum level while maintaining 9delity with
the underlying atomistic response. The e:ciency of the 9nite element formulation per-
mits the simulation of signi9cantly larger systems than would otherwise be possible.
However, care must be taken in applying this approach for predictive modeling of
defect nucleation because the Cauchy–Born hypothesis is only valid when the spatial
variation of the continuum deformation 9eld is gradual on the atomic scale. For prob-
lems such as dislocation nucleation at an atomistically sharp crack tip (Rice, 1992),
the large strain gradient near the crack tip necessitates the use of the quasi-continuum
or direct atomistic methods which can account explicitly for non-local eKects. How-
ever, in the present study of a relatively slowly varying deformation 9eld imposed by
a 50 nm-scale indenter radius, interatomic potential-based hyperelasticity is e:ciently
and eKectively utilized.

As the present simulations idealize indentation normal to an atomically Nat sur-
face, it follows that the dislocation nucleates homogeneously within the crystal and
moves/grows to approach the free surface. This atomistic process is in contrast with
nanoindentation-induced heterogeneous dislocation nucleation from surface steps
(Kiely and Houston, 1998; Zimmerman et al., 2001), a process subject to a much lower
energy barrier that may signi9cantly decrease the simulated or experimentally measured
critical load. Furthermore, we restricted the present dislocation nucleation study to the
idealized limit of behavior at 0 K, and in the absence of speci9c eKects of thermally ac-
tivated processes. As a result, the ideal shear strength obtained via 3D indentation sim-
ulation represents the mechanical threshold for nanoindentation-induced dislocation nu-
cleation. The eKect of thermal motion on homogeneous nucleation of dislocation loops
under a simple shear stress state has been studied by Xu and Argon (2001) using a
variational boundary integral method to determine the saddle point con9guration and the
corresponding activation energy. They found that for perfect crystals such as Au, Cu, Al
and Si, the energy barriers are far too high for thermal motion to play a signi9cant role
in dislocation nucleation, even under applied shear stress levels equal to half of the ideal
simple shear strength. The activation energy for homogeneous dislocation nucleation
beneath the nanoindenter could be evaluated using the same scheme as Xu and Argon
(2001). FEM simulations of nanoindentation using interatomic potential-based hypere-
lasticity will provide a more realistic stress state beneath the nanoindenter, rather than
using a simple shear stress state as an input for activation energy calculation.

We conclude by noting that the study of defect nucleation within the framework
of hyperelasticity is not limited to simple FCC lattices and bulk homogeneous mate-
rial systems. Further extension of interatomic potential-based hyperelasticity has been
made to other type of lattices, e.g., Tadmor et al. (1999b) and Smith et al. (2001)
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for nonsymmorphic crystal lattices such as diamond cubic Si, Arroyo and Belytschko
(2002) for a one-atom thick carbon nanotubes, etc. Furthermore, the instability analysis
we employed to predict defect nucleation within the bulk can also be generalized to
study surface and interface instabilities, as well as homogeneous defect nucleation at
coherent grain boundaries with the aid of a generalized instability criterion at interfaces
(Needleman and Ortiz, 1991). Such extensions will further demonstrate the applicability
of defect nucleation analyses within the framework of hyperelasticity, and will enable
the study of a wide range of phenomena at the continuum level, while maintaining
explicitly the atomistic interactions which govern the mechanical response.
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Appendix A. Stroh formalism for generalized 2D anisotropic elasticity

Basic equations for Stroh formalism, which are used for deriving 2D and 3D analytic
indentation solutions, are given in this appendix (Ting, 1996). A general solution for
displacement u and stress function , is given by

u = Af(z) + Af(z); (A.1)

, = Bf(z) + Bf(z); (A.2)

where

A = [a1 a2 a3]; (A.3)

B = [b1 b2 b3]; (A.4)

f = [f1(z1) f2(z2) f3(z3)]T; (A.5)

z( = x + p(y; ( = 1; 2; 3; (A.6)

f is a complex function vector to be determined by satisfying the boundary conditions
of the problem considered. Given the elastic constants tensor Cijkl which is expressed in
the global coordinates, p( and a( can determined by solving the following eigenvalue
problem

[Q + (R + RT)p + Tp2]a = 0; (A.7)
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where

Qik = Ci1k1; Rik = Ci1k2 and Tik = Ci2k2: (A.8)

The non-zero solution of a requires that

det[Q + (R + RT)p + Tp2] = 0: (A.9)

Eq. (A.9) has six roots which form three conjugate pairs. The root p( has a positive
imaginary part, and thus b( is obtained by

b( = (RT + p(T)a(: (A.10)

The stresses are given by

{�2j} = 2 Re
3∑

(=1

b(f′
((z(); (A.11)

{�1j} = −2 Re
3∑

(=1

b(p(f′
((z(): (A.12)

The impedance matrix M appears in the 2D indentation solution. It is de9ned by

M = −iBA−1: (A.13)

M is a Hermitian matrix and independent of how a( and b( are normalized. The
Barnett–Lothe tensor L̂ is employed in deriving the 3D indentation solution. It is
de9ned by

L̂ = −2iBBT; (A.14)

where the vectors a( and b( are normalized by

2a( · b( = 1: (A.15)
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