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Abstract
Tailored gradation in elastic–plastic properties is known to oﬀer avenues for suppressing surface damage during normal indentation
and sliding contact. In tribological applications, sliding contact analysis provides a more representative mechanism for fundamental
understanding and design as it oﬀers a tool to test materials under conditions of controlled abrasive wear. However, no such study exists
for plastically graded materials, although the sliding behavior for elastically graded materials has been reasonably well understood. This
study has established a systematic methodology to quantify the mechanics of steady-state frictional sliding response for a plastically
graded material. Speciﬁcally, the eﬀect of linear gradient in yield stress on the frictional sliding response is examined through parametric
ﬁnite-element (FEM) computation of the instrumented scratch test. Gradients in yield strength aﬀect both the load carrying capacity of
the surface and its pile-up around the sliding indenter. An increase in yield strength with distance beneath the surface shifts the peak
values of von Mises stress below the surface, thus improving the resistance of the surface to onset of plasticity and damage. For a given
elastic–plastic property, an increasing yield strength gradient causes a reduction in total apparent friction through a reduction in the
ploughing coeﬃcient. The contact-load-bearing capacity of plastically graded surfaces follows a similar trend during indentation and
scratch. However, signiﬁcant diﬀerences between the pile-up and the friction response are observed between normal indentation and
steady-state frictional sliding. In particular, an increase in interfacial friction is found to cause an increase in pile-up during scratch, while
it causes a decrease in pile-up during indentation. The implications of the present results to the design of graded surfaces are discussed.
Ó 2008 Acta Materialia Inc. Published by Elsevier Ltd. All rights reserved.
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1. Introduction
Damage-resistant surfaces are required in many engineering components to meet demanding performance
requirements in contact applications. For example, in rock
drilling equipment, constant rubbing action of the drilling
head against the hard surfaces of rocks leads to wear and
requires frequent replacement of the drilling head [1]. In
Micro-Electro-Mechanical Systems (MEMS) and devices,
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high stresses arising from monotonic or repeated contact
at between surfaces of small-volume structures can result
in increased tribological damage and wear that could result
in loss of electromechanical function of the device [2,3].
These examples illustrate the critical need for new and
improved materials and design methods for better wearresistant surfaces.
The concept of purposely introducing controlled gradients in composition, microstructure and elastoplastic properties of gradation as a possible means for improved
material design has been explored for a long time [4–7].
Gradual transitions in microstructure and/or composition
are indeed commonly observed in natural materials such
as bamboos and shells, and in biological materials such
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as bones and teeth. In engineering design, property gradation oﬀers ﬂexible means to control and optimize material
response through redistribution of thermal and/or mechanical stress, elimination of defect-nucleating stress concentrations and abrupt stress jumps typically occurring at
sharp interfaces [8], and control of local crack driving force
[6]. These Functionally Graded Materials (FGMs) have
found use as damage-resistant surfaces in such widely different applications as aircraft and space vehicles, armored
plates, bulletproof vests, industrial equipment and cutting
tools. Due to the practical issue of possible material diﬀusivity (and hence continual change in microstructure) at

high temperatures, a signiﬁcant amount of research into
the long-term use of graded materials has primarily been
directed at low temperature applications, in particular to
the study of mechanical gradation for resistance to normal
contact deformation and damage [7,9–14].
Forms of mechanical gradation for an elastic–plastic
material are depicted in Fig. 1 where the gradient is
achieved either through a variation in the elastic Young’s
modulus (E) or the plastic yield-strength ry. These materials are deﬁned here as Elastically Graded Materials (EGMs,
Fig. 1b) and Plastically Graded Materials (PGMs, Fig. 1c),
respectively. Signiﬁcant progress has been made in

Fig. 1. Mechanical property gradient in elastic–plastic materials (a) Normal indentation on a graded material, the gradient denoted by b where b >0, <0,
and =0 represents positive, negative and homogeneous materials, respectively. (b) Stress–strain behavior at various locations for elastic gradient. (c)
Stress–strain behavior at various locations for plastic gradient. (d) Hall–Petch relationship showing relation between grain-size and yield strength. Points
1, 2 and 3 denote locations for the nano-grained PGM, where the corresponding yield stresses are indicated in (c).
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fabricating such controlled microstructure and property
gradations over multiple length scales for both EGMs
and PGMs. Jitcharoen et al. [9] synthesized EGMs through
controlled inﬁltration of glass into polycrystalline ceramics.
Common engineering processes such as shot peening, ion
implantation, and case hardening introduce plastic gradient in a controlled manner [6,8]. Another approach to
develop plastic gradient is guided by the functional requirements of designing materials with a tunable combination of
strength, ductility, and contact-damage resistance. This
approach is based on the classic Hall-Petch (H-P) relationship [15,16], together with the superior strength of the
nanocrystalline materials (i.e. average grain-size < 100 nm)
[17–19]. An example of such an approach is shown schematically in Fig. 1d. Here, a linear gradation in yield
strength as a function of depth below the surface can be
achieved by increasing (denoted as 3-2-1) or decreasing
(denoted as 1-2-3) the grain-size within the nanocrystalline
and microcrystalline range through commonly used techniques such as electrodeposition [20]. Such ‘‘grain-size
graded” nanostructured metals and alloys provide model
systems to explore the potential beneﬁts of PGMs for possible tribological applications.
For design of EGMs and PGMs, detailed scientiﬁc
knowledge of the eﬀects of the microstructure (and
mechanical property) gradients on the overall elasto-plastic
response under contact conditions is required. Through
analytical, computational, and experimental approaches,
understanding of the gradient eﬀects in EGMs has been
reasonably well achieved for frictionless normal contact.
Giannakopoulos and Suresh [7] derived closed-form solutions for contact of point load and axisymmetric indentations with controlled one-dimensional spatially graded
EGMs. For this purpose, they considered exponential
and power law elastic modulus gradients as functions of
depth below the surface, and the indentation load was analyzed as a function of penetration depth for diﬀerent controlled variations in elastic modulus. These studies
revealed that increasing elastic modulus below the surface
caused the maximum tensile stress responsible for crack
nucleation to shift towards the interior and hence resulting
in suppression of surface damage and crack nucleation. In
later studies, the theoretical results were validated through
ﬁnite element simulations as well as well-controlled experimental studies on specially designed EGMs [7,9,10,21].
For experimental validation, model EGMs were designed
whereby long-range internal stresses were avoided by careful selection of constituent material and processing method
[9,21]. The EGMs with increasing modulus demonstrated
higher resistance against development of Hertzian cone
cracks in normal contact [7,9,21] and against herringbone
cracks in sliding contact [10].
Studies of PGMs began to emerge starting with the
work by Suresh [6] and Giannakopoulos [11] who suggested possible approaches for predicting the load-depth
response of PGMs under conical indentations. Based on
a parametric study using ﬁnite element analysis, Cao and
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Lu [12] derived dimensional functions for the load-depth
response of linear plastic gradients under an equivalent
Berkovich indenter. More recently, Choi et al. [13,14]
developed closed form universal dimensional functions
for generalized depth-sensing instrumented indentation of
PGMs under frictionless normal loading, and experimentally veriﬁed their predictions for the case of a linear
yield-strength gradient. These studies on PGMs demonstrated the beneﬁts of a positive plastic gradient (increasing
yield strength beneath the contact surface) on the stressstrain and deformation response in normal indentation.
Despite these advances in fundamental understanding,
normal indentation has restricted relevance for predicting
the tribological response. The instrumented frictional sliding (scratch) test provides a more realistic tool to test materials under conditions of controlled abrasive wear [22]. It is
routinely employed in practice to compare hardness and
abrasive resistance of surfaces, to extract information relating to mechanisms of deformation, and to study delamination of coatings [22–24]. Progress in instrumentation now
provides the means to experimentally monitor the load versus indenter penetration depth response in normal as well
as in frictional sliding contact over large variations in
length scales (from nm to lm scale indenter penetration
depths), observe friction evolution through continuous
measurement of tangential loads along the scratch, and
obtain residual scratch proﬁles and pile-up/sink-in
responses using a high precision proﬁlometer and/or an
atomic force microscope. Finite element simulations of
the instrumented scratch test require a full three-dimensional analysis because of the lack of symmetry of the loading conﬁguration, except for symmetry with respect to the
scratch line. These simulations also require highly reﬁned
ﬁnite element meshing along the scratch path in order to
study the steady-state response. Signiﬁcant improvements
in the computational power now allow for investigation
of such large-scale problems with acceptable accuracy.
These developments have, however, not been exploited to
elucidate the micro- and nanomechanics of frictional sliding of plastically graded materials, although such studies
for homogeneous materials have recently been reported
[25–27]. The present study thus aims to report systematic
results of the tribological response of PGMs through
detailed computational simulations of the instrumented,
depth-sensing, frictional sliding or scratch test. Such information is of practical value for the design of materials with
improved resistance to tribological damage and failure. It
is also of fundamental scientiﬁc interest to explore the
eﬀects of gradients in materials properties on frictional sliding response vis-à-vis the micromechanics of instrumented
indentation and frictional sliding of homogeneous
materials.
2. Background Information
The scratch test is the oldest known form of hardness measurement, its application dating back to 1824 when the Mohs
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scale [28] was developed to rank minerals in terms of their
scratch resistance. Normal indentation tests were developed
almost two decades later by Brinell [29] and Meyers [30]. The
physical signiﬁcance of hardness measurement was ﬁrst
brought to light by Tabor [31] who suggested the following
general relation between the indentation hardness (HI) and
plastic property of rigid-perfectly-plastic materials
H I ¼ Crr ;

ð1Þ

where C is a constant approximately equal to 3, and rr is
yield strength at some representative value of strain. Tabor
also deduced the ratio of scratch hardness to indentation
hardness as 1.2 for metals. Though a much wider range
of this ratio, ranging from 1.6 to 0.58, is suggested in later
studies [31–34], this result is signiﬁcant in demonstrating a
correspondence between the two measures of hardness.
Recent developments in instrumented indentation techniques provide the ability to measure the load versus depth
response continuously across length scales. Additionally,
most instrumented indenters can also be used to perform
the scratch test; examples include the NanotestÒ600 (Micro
Materials, Ltd., Wrexham, United Kingdom) and the
TriboIndenter (Hysitron Inc., Minneapolis, MN, USA).
These advances in instrumentation have been exploited to
extract mechanical properties from indentation response,
beginning with the work by Oliver-Pharr [35]. Since then,
signiﬁcant progress has been made in characterizing elastic–plastic properties using the indentation load versus penetration depth curves [36,37]. Taking advantage of these
developments in instrumentation, experimental studies of
the scratch test have also been recently undertaken [25–
27]. However, due to the inherent three-dimensionality of
the frictional sliding contact problem, limited information
is currently available in the literature on the mechanics of
the instrumented scratch test.
Hamilton and Goodman [38] derived explicit equations
to predict the stress ﬁeld for the frictional sliding of a
spherical indenter on an elastic medium. Simplifying
assumptions with regard to either the dimensionality [39–
43] or the deformation mechanism [44–46] have been used
to arrive at approximate theoretical solutions for elasticplastic medium. These and other related work [47–50],
though limited in practical applications, are signiﬁcant in
identifying key parameters governing deformation during
scratch. Bowden and Tabor [47] explained the role of friction through its decomposition into the deformation (adhesive coeﬃcient) and the geometry (ploughing coeﬃcient)
terms. The inﬂuence of normalized material property rEy
and the indenter geometry h was observed in indentation
and scratch test [51–53] and the following governing
parameter was identiﬁed [50]
v¼

E
tan h:
ry

ð2Þ

For v < 2, the response is governed by elastic properties
while for v > 50 the response is dominated by plastic properties [50].

FEM computation oﬀers an attractive alternative to
study the generalized scratch behavior [54,55]. Subhash
and Zhang [56] identiﬁed the eﬀect of friction on the
scratch hardness of homogeneous materials through the
investigation of changes in overall friction coeﬃcient as a
function of the indenter angle and the interfacial friction.
In several recent studies [25–27], the diﬀerence in the indentation and scratch mechanism was identiﬁed through the
representative strain during the scratch test being 33.6%,
which is roughly four times higher than during the indentation test deﬁned earlier [31]. These authors also demonstrated a strong inﬂuence of friction and strain-hardening
(n) on the material pile-up along the indenter and hence
on the scratch hardness measurement. However, the
mechanics of the instrumented scratch test has thus far
not been studied in detail.
3. Computational model
A number of previous studies have successfully used the
ﬁnite element method for investigating the mechanics of
frictional sliding in homogeneous materials [25–27,54–56].
Here, to study the eﬀect of gradient on the tribological
response of PGMs, the scratch test on graded materials is
simulated using the commercial FEM package ABAQUS
Standard (SIMULIA, Providence, RI, USA).
3.1. Constitutive model
The material is modeled as elastic-plastic, where the
elastic behavior is modeled using Hooke’s law (Eq. (3a))
and the plastic behavior using the von Mises isotropic
power law strain hardening (Eq. (3b)).
r ¼ Ee; for r 6 ry
r ¼ Ren ; for r P ry

ð3aÞ
ð3bÞ

Here E is Young’s modulus, ry is the initial yield stress
at zero oﬀset strain, n is the strain-hardening exponent; R is
a strength coeﬃcient, and r are the true stress and strain.
Decomposing the strain into the yield and the plastic strain
( = y + p) and applying conditions of continuity at yielding for the two curves of Eqs. (3), the stress–strain equation
beyond yield is written as

n
E
ð4Þ
r ¼ ry 1 þ ep :
ry
The nomenclature related to indentation and scratch is
depicted in Fig. 2, where
h
included apex angle of the cone
z
depth below surface
maximum in-situ depth
hm
residual depth after unload
hr
‘‘true” contact radius at maximum in-situ depth
am
contact radius at maximum residual depth
ar
a
apparent contact radius at maximum in-situ depth
(=hm tan h)

A. Prasad et al. / Acta Materialia 57 (2009) 511–524

515

Fig. 2. Schematic of typical indentation and scratch test in an elastic-plastic material and the related geometrical parameters for a conical indenter. (a)
Indentation and scratch where the location ‘‘A” denotes indentation, followed by sliding along A–B, with ‘‘B” denoting the position of the indenter along
the scratch. (b) Details of the typical proﬁle perpendicular to scratch in the in-situ and residual condition where am, hm denote the terms for the in-situ
proﬁle and ar, hr denote the terms for the residual proﬁle.

hp
hpr

in-situ pile-up height
residual pile-up height

Gradient in the yield strength is introduced along the
depth below surface and is characterized by the parameter
b. For the linear variation of yield strength with depth, the
yield stress at a depth z below surface can be represented as
ry;z ¼ ry;surf ð1 þ bzÞ

ð5Þ

where ry,surf and ry,z are the yield strength at the surface
and at depth z below, respectively. The external subroutine
feature of ABAQUS is used to introduce such a plasticity
gradient independent of the mesh design.
3.2. Dimensional analysis
Using a sharp conical indenter on a plastically graded
material, the mechanical response of frictionless steadystate sliding is found to depend on the material properties,
tip geometry and penetration depth:
hp ¼ fp ðE ; ry;surf ; n; h; b; hm Þ;
P ¼ f ðE ; ry;surf ; n; h; b; hm Þ;

ð6aÞ
ð6bÞ

F T ¼ fT ðE ; P ; ry;surf ; n; h; b; hm Þ:

ð6cÞ

Here E* is the reduced modulus incorporating Young’s
modulus and Poisson’s ratio for the indenter (EI, mI) and
surface (E, m), respectively, and is given by Eq. (7) [57],
the other terms are deﬁned earlier.
1
1  m2I 1  m2
:
ð7Þ
þ
 ¼
EI
E
E
Dimensional analysis provides an important tool to
handle such large parametric range of analysis, through
the reduction of the total number of dimensionless variables. This method has been used to derive universal scaling relations for the indentation and the scratch test on
homogeneous and graded materials [13,14,25–27,36]. Here,
applying the Pi theorem of the dimensional analysis and
using bhm to represent dimensionless form of the gradient
[13,14], the above relations can be reduced to the following
general functional forms, with the exact forms of these
functions presented later in the paper.
 

hp
E
¼ P1
; bhm ; n; h ;
ð8aÞ
hm
ry;surf
 

P
E
¼ P2
; bhm ; n; h ;
ð8bÞ
2
r
ry;surf hm
y;surf

FT
E
¼ lapp ¼ P3
; bhm ; n; h :
ð8cÞ
P
ry;surf
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3.3. Finite element model setup
A full three-dimensional mesh is used in the FEM analysis with the domain boundary chosen suﬃciently from the
point of indentation so as to circumvent any boundary
eﬀects. The overall mesh is shown in Fig. 3a and consists
of 97,186 ﬁrst-order, reduced integration tetrahedral elements. The indenter is modeled as a rigid cone, with an
apex angle of 70.3° (considered equivalent to a Berkovich
indenter) and is placed asymmetrically along the scratch
path. The mesh is reﬁned in the zone of contact such that
at least 12 elements are in contact at the end of the initial
indentation step. During the subsequent scratch process,
the number of elements in contact gradually increases
due to the increase in material pile-up along the indenter
(Fig. 3b).
Indentation and scratch were simulated respectively by
moving the indenter normally to a ﬁxed depth and then
tangentially along the scratch direction up to a maximum
of approximate six times the contact radius to reach steady
state. Large deformation formulation with displacement
control steps is used. Numerical convergence becomes
increasingly diﬃcult with increasing material plasticity.
Hence, for highly plastic materials, a gradually decreasing
scratch depth was used for the ﬁrst one-third of the total
scratch length, while keeping the scratch depth constant
beyond that. This has been observed to result in faster convergence, as it partly overcomes the initial ‘‘softening
eﬀect” in load due to decreased area of contact. The implicit analysis scheme of ABAQUS/Standard is used for analysis as it allows for comparative ease in simulating property
gradient.
The FEM model setup and basic results are validated by
comparisons with previously known theoretical and
numerical solutions for select or limiting cases. In particular, the FEM result was compared against the theoretical
solution of frictional sliding of a spherical indenter on uniform elastic material [38]. The result is found to be within
2% of the theoretical solution for an adhesive frictional
coeﬃcient la < 0.25, and within 11% for la = 0.50. The

increased deviation at higher friction is due to the simpliﬁed assumption regarding contact pressure distribution in
the earlier analytical study [38]. The normal indentation
response of elastic-plastic materials is found to be in close
agreement with the closed form solutions of Dao et al. [36].
Finally, the integration of the external subroutine has been
veriﬁed by reproducing previously published results for the
normal indentation of elastic and plastic gradients [7,13].
4. Results and discussion
Frictionless scratch simulations are performed for a
range of material properties representing common engineering metals. The Young’s modulus E is varied from 10
to 200 GPa and the surface yield strength ry,surf is varied
from 10 to 3000 MPa such that E/ry,surf varies uniformly
from 40 to 500; the ﬁxed material parameters are the
Poisson’s ratio of 0.3 and the strain-hardening exponent
of 0.1. The choice of the hardening exponent in this parametric study is guided by the low hardening of nanocrystalline and ultra-ﬁne grained metals and alloys which are
candidate materials for practical applications involving
PGMs. Five diﬀerent values of plasticity gradient are considered (i.e., bhm = 0.0, 0.25, 0.5, 1.0 and 1.25), resulting in
a total of 60 diﬀerent cases. A limited number of additional
simulations are carried out to study the eﬀect of friction on
PGMs (la = 0.0, 0.08, and 0.12 for bhm = 0.0 and 0.5 and
E*/ry,surf = 137.4).
4.1. Pile up response and strain ﬁeld
During normal indentation of elastic-plastic materials,
pile-up or sink-in is observed whereby the material is either
pushed up outward along the indenter or down inward
towards the bulk material, respectively [48]. This causes
deviation of the apparent contact area from the true contact
area and hence can lead to signiﬁcant errors in hardness
measurements [58]. The amount of pile-up is further ampliﬁed during the scratch test [25,55]. Knowledge of material
pile-up and sink-in is necessary to gain a complete under-

Fig. 3. Overall mesh design with conical indenter for scratch simulation (a), with details of mesh close to the indenter at full contact (b). The scratch
direction is along the negative ‘‘3” direction in the ﬁgure.
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standing of the mechanics of contact and to estimate material properties from instrumented contact experiments.
For homogenous materials, the pile-up behavior is a
function of material property E*/ry and strain-hardening
exponent n [59]. A similar trend is also observed in the current study, where the normalized pile-up increases with an
increase in E*/ry,surf as shown in Fig. 4. For a given E*/
ry,surf, however, the normalized pile-up response increases
initially for a lower value of gradient, gradually changing
to a decreasing trend at steeper gradients (Fig. 5a). Overall,
the pile-up appears to be a stronger function of surface
property E*/ry,surf than of the plastic gradient term bhm.
Also shown in Fig. 5a is the dimensionless equation for
the pile-up behavior which is discussed later in Section 4.6.
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The observed pile-up trend, though not intuitively obvious, is a result of the distribution of plastic strains below
the indenter (Fig. 5b). The zone of plastically strained
material lies within approximately twice the scratch depth
from the top surface. As indicated in Fig. 5b, gradient in
yield-strength causes an increase in the surface plastic
strain distribution together with a decrease in the depth
of plastically strained zone. Due to the localized nature
of plastic strain, the pile-up response appears to be a strong
function of the surface property. For a steeper gradient,
however, the increased strain is partly counteracted by
the higher strength material closer to the surface, leading
to the decreasing trend in the pile-up. An increase in the
in-situ pile-up was also observed for indentation on PGMs
[13,14], although at much higher gradient reﬂecting the difference in deformation modes of the indentation test and
scratch test (namely localized compression and surface
shearing, respectively).
4.2. Normal load capacity and stress ﬁeld

Fig. 4. Variation of normalized in-situ pile-up at steady state scratches
with material parameter for homogeneous and graded materials
(bhm = 0.50, 1.25). For both, for the homogeneous and graded materials,
the pile-up responses show a strong inﬂuence of material parameter E*/
ry,surf with the pile-up increasing with an increase in E*/ry,surf.

In contrast to the pile-up behavior, the normalized loading response is signiﬁcantly aﬀected by the increase in plasticity gradient as shown in Fig. 6a. Here, the eﬀect of
gradient becomes increasingly prominent at higher E*/
ry,surf ratios (also shown in the ﬁgure are the curves predicted using the dimensionless functions described in Section 4.6). A similar trend is also expected from the
increase in the strain-hardening exponent for homogeneous
materials. However, the diﬀerence in the underlying mechanism of homogeneous and plastically graded materials
can be seen from Fig. 6b where typical von Mises stress
is plotted for three diﬀerent gradients (bhm = 0.0, 0.50,
and 1.25), at a vertical line ahead of the indenter along
the scratch direction. For homogeneous materials
(bhm = 0.0), the highest stress zone lies close to the surface.

Fig. 5. (a) Variation of normalized in-situ pile-up with gradient and (b) typical equivalent plastic strains across depth below indenter (E*/ry,surf =82.4,
bhm=0.0, 0.5, and 1.25). Pile-up initially increases with an increase in gradient and then starts to decrease for higher gradients. The strain proﬁle can be
used to explain this phenomenon through relatively small zone of plastically strained material below indenter. Also shown in (a) is the dimensionless
equation prediction for which the details are discussed later in Section 4.6.
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Fig. 6. Details of steady state loading response showing (a) variation in normalized load with respect to bhm and (b) typical von Mises stresses versus
depth, ahead of the indenter along the scratch direction (E*/ry,surf = 82.4, bhm = 0.0, 0.5, 1.25). The increased load for graded materials is attributed to the
redistribution of higher stressed zone below surface. The zone of inﬂuence of gradient appears to be within ﬁve times the indentation depth. Also shown in
(a) is the dimensionless equation prediction, the details of which are discussed later in Section 4.6.

In contrast, for PGMs, redistribution of stresses occurs
such that while the surface stress remains roughly the same,
the zone of maximum stress shifts below the surface. The
aﬀected zone of plasticity gradient appears to be within
approximately ﬁve times the scratch depth.
4.3. In-situ scratch hardness
In line with the traditional deﬁnition of hardness [31],
the in-situ scratch hardness here is based on the area
deﬁned by half the circle of contact radius am (see Fig. 2
for nomenclature) and is given by,
H S;in-situ ¼

2P
:
pa2m

ð9Þ

This hardness measure incorporates the eﬀect of the
trends in the pile-up and the load capacity and is shown
in Fig. 7a. (The scatter in the hardness data is due to the
scatter associated with the estimation of the pile-up. In
order to get an exact value of the pile-up from simulation,
a node should be exactly at the tip of the pile-up, which is
usually not achieved even with the reﬁned ﬁnite element
mesh).
From previous studies of the scratch test on homogeneous materials [25–27], a representative strain in the range
of 33.6–35% was identiﬁed for normalized hardness of
materials with low strain-hardening. In the current study,
an additional length scale is necessary due to the plasticity
gradient. To incorporate that in the context of a representative strain, a ‘‘representative depth” is introduced and is

Fig. 7. (a) Variation of in-situ hardness with material parameter for bhm = 0.0, 0.25, 0.50, 1.0, 1.25 and (b) normalized hardness value using a
representative strain of 33.6% and a representative depth of 0.65hm.
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deﬁned as ‘‘the depth below surface, at which the yield
stress denoted by ry,zrep can be used to characterize the normalized scratch hardness, independently of the material
gradient”. Using a representative strain of 33.6%, a representative depth of 0.65hm can be obtained empirically, at
which the curves of Fig. 7a collapse to a single curve within
5% error (Fig. 7b). The hardness of the graded surface can
then be expressed as
  
H S;in-situ
E
:
ð10Þ
¼ 2:87 þ 0:009 ln
rr;zrep
rr;zrep
The foregoing deﬁnition of hardness is based on the insitu area of contact. In the depth-sensing indentation test,
in-situ hardness can be estimated relatively easily using
detailed analyses [36,37]. However, in absence of such
schemes for the scratch test, the experimental scratch hardness measure is based on the residual area of contact. The
diﬀerence between the in-situ and residual hardness will
depend on the elastic recovery at the proﬁle diameter, an
estimate of which has not been made in this study. However, based on earlier studies [11,60], these two hardness
measures are expected to be close, especially for materials
having signiﬁcant plasticity. More importantly, the overall
trend observed in Fig. 7a is expected to remain unchanged
by elastic recovery for this class of materials.
4.4. Eﬀect of friction
The apparent friction coeﬃcient (lapp) is given by the
ratio of the tangential force (FT) to the normal force (P).
It can be further decomposed into the adhesive (la) and
ploughing (lp) terms [47] as
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FT
¼ la þ lp :
ð11Þ
P
For a sharp conical indenter of apex angle h, under the
assumption of constant contact pressure and full elastic
recovery in the wake of the indenter, the ploughing friction
term is written as

lapp ¼

2
cot h:
ð12Þ
p
Fig. 8 shows the ploughing friction coeﬃcient from the
frictionless scratch simulation (i.e. la = 0). Both for homogeneous and graded materials, the value of the ploughing
friction coeﬃcient increases with the increase in E*/ry,surf,
gradually approaching the theoretical prediction of Eq.
(12) for higher E*/ry,surf. The deviation from the theoretical
value is a result of the simpliﬁed assumptions used in the
derivations, which are obeyed closely only at higher values
of E*/ry,surf.
It is also observed that for a given E*/ry,surf, an increase
in the gradient causes a decrease in the ploughing term.
This is of signiﬁcance in tribological applications where
reducing friction even by small amount can result in large
improvements in the wear response [39]. Based on earlier
discussions in Sections 4.1 and 4.2, this decrease in friction
for the graded system can be attributed to the increase in
normal load capacity without a comparable change in the
material pile-up response.
Fig. 9 shows the stress and strain plots from the frictional sliding simulation, at a vertical line ahead of the
indenter along the scratch direction. The stress distribution
shows little sensitivity to the changes in friction. However,
increase in the interfacial friction results in increased
lp ¼

Fig. 8. The eﬀect of material property on apparent friction coeﬃcient from frictionless scratch simulation (lapp = lp, for la = 0). The homogeneous case
approaches the theoretical value of ‘‘ploughing friction” for material with high plasticity. Increasing gradient causes a decrease in the apparent friction
coeﬃcient due to the increasing normal load, with relatively small variation in the pile-up. Also shown in the ﬁgure is the dimensionless equation
prediction for the material cases considered, details of which are discussed later in Section 4.6.
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Fig. 9. Eﬀect of changes in friction coeﬃcient (la = 0.0, 0.08, and 0.12) on (a) the von Mises stress and (b) the equivalent plastic strain below indenter. The
location and value of the maximum stress shows relative insensitivity to friction; while the plastic strains on the surface increases, causing an increase in the
pile-up height.

surface plastic strains, which translate into increased pileup response as shown in Fig. 10.
4.5. Indentation versus scratch measurements
This section brieﬂy summarizes the diﬀerences in the
trends observed between the indentation and frictional sliding (scratch) tests. Fig. 11a shows trends in the loading
response for homogeneous and graded materials from
indentation and sliding simulations. Both tests show similar trends in behavior, with the load in a scratch test
approximately 10% higher than that in an indentation test.

However, there is a 2- to 3-fold increase in the pile-up
response during scratch, as shown in Fig. 11b for two different values of E*/ry,surf, where the open symbols are for
indentation and ﬁlled symbols are for scratch. In addition,
friction tends to increase pile-up in a scratch test while it
decreases pile-up in an indentation test (Fig. 10). Overall,
from the frictionless scratch simulations, the ratio between
the scratch and indentation hardness is observed to be in
the range of 1.2–1.6 (Fig. 12), whereas the indentation
hardness is deﬁned as
H I;in-situ ¼

P
:
pa2m

ð13Þ

Although the indentation and the scratch test responses
are both guided by the plastic properties of the material,
there lie signiﬁcant diﬀerences between the two. These differences are due to the diﬀerences in the deformation
modes and the level of plastic straining. In practice, the
indentation test is preferred than the scratch test due to
the relative ease in conducting experiments and performing
quantitative simulations, and in interpretation of the analysis results. There is thus an obvious advantage in drawing
a clear correlation between the two tests such that material
response from one can be inferred to interpret behavior in
the other case.
4.6. Prediction of sliding response

Fig. 10. Eﬀect of friction on the pile-up height for steady-state scratch and
indentation. Friction causes an increase in the pile-up in the scratch test
shown by the shaded bars. However, during indentation, pile-up decreases
with an increase in friction, as shown above by the solid bars.

Based on the above parametric FEM analysis of the sliding contact for PGMs, the following functional forms for
the dimensional functions P1, P2 and P3 are constructed
by ﬁrst selecting a suitable functional form and then bestﬁtting the FEM results from a large number of simulations
to obtain the as analytical expressions detailed below.
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Fig. 11. Comparison of the indentation and the scratch test through (a) loading and (b) pile-up response (open symbols are for indentation and ﬁlled
symbols are for scratch). For constant depth scratch, the indentation load is less than the scratch load, whereas the trends with increasing plasticity and
gradient remain the same. The pile-up behavior in indentation is signiﬁcantly less than that in scratch, both for the homogeneous and graded material.

sionless function P1 captures well both the low sensitivity
of pile-up to material gradient and its stronger sensitivity
to elastic-plastic ratio, as shown earlier in Fig. 5a.
4.6.2. Load response
The selected functional form for constructing the P2
function is given by
  
P
E
;
ð15Þ
¼
A
þ
B
ln
P2 ¼
P
P
2
ry;surf
ry;surf hm
where the ﬁtting coeﬃcients AP and BP are
AP ¼ 24:91K2  123:01K  70:211
BP ¼ 10:815K2 þ 41:26K þ 32:909
Fig. 12. Ratio of true hardness of scratch and indentation. Overall, the
value lies between 1.6 and 1.2 for the material property and the gradients
considered. The hardness ratio decreases with increasing plasticity,
showing the increasing eﬀect of pile-up behavior.

4.6.1. Pile-up response
The selected functional form for constructing the P1
function is given by
 

hp
E
ð14Þ
¼ Ah  Bh ln
þ Ch ;
P1 ¼
hm
ry;surf
where the coeﬃcients Ah, Bh and Ch are functions of
K = bhm as given below
Ah ¼ 0:0955K2  0:2919K  0:0721
Bh ¼ 0:0392K2  0:088K  0:095
C h ¼ 5:0763K2 þ 8:1296K  36:087
Note that the pile-up response obtained from simulations is associated with mesh sensitivity (as discussed in
Section 4.3). Despite this limitation, the constructed dimen-

These predictions of the P2 function with respect to the
FEM simulation data are shown earlier in Fig. 6a. The
constructed dimensionless function ﬁts all the computational results very well.
4.6.3. Apparent friction coeﬃcient
The selected functional form for constructing the P3
function is given by
P3 ¼

FT
C
¼ Al þ Bl ð1=CÞ l ;
P

ð16Þ



E
where C ¼ ry;surf
, and the coeﬃcients Al, Bl and Cl are

Al ¼ 0:0169K2  0:017K þ 0:2427
Bl ¼ 0:4507K2  0:8504K  0:883
C l ¼ 0:0731K2 þ 0:0265K þ 0:688
The predictions of the P3 function are shown earlier
in Fig. 8, again ﬁtting all the computational results very
well.
Within the parameter space studied in the FEM analysis, the above equations together with the hardness
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Fig. 13. Schematic of the gradient inﬂuence (b > 0) on material response under sliding. As shown, zone ‘‘A” denotes the zone of plastic shearing and zone
‘‘B” denotes zone of gradient inﬂuence.

equation derived earlier, provide the ability to predict the
scratch response (Hs, P, hp, lapp) from known material
properties (E*, ry,surf, b, hm, n, la). Therefore, this set of
closed-form equations enables the ‘‘forward” predictive
capability without additional FEM simulations within the
parameter space. In addition, using Eq. (16) and the experimentally obtained apparent friction coeﬃcient (lapp,exp),
the value of interfacial adhesive friction can be obtained
as a ﬁrst approximation from
la ¼ lapp;exp  P3

ð17Þ

5. Concluding remarks
This work has established the ﬁrst systematic methodology to quantify the steady-state frictional sliding response
for a plastically graded material. Speciﬁcally, the eﬀect of
linear gradient in yield stress on the frictional sliding
response is examined through parametric FEM computation of the instrumented scratch test. The basic conclusions
of the present study are as follows.
1. A positive gradient in yield strength is observed to
aﬀect both the load carrying capacity of the material
and its pile-up response.
 The pile-up increases with the presence of lower gradients, gradually changing to a decreasing trend at
steeper values of gradients. The underlying mechanism is rationalized through the localized nature of
plastic straining (see Fig. 13c where PEEQ denotes
equivalent plastic strains), which leads to a strong
dependence of the pile-up on the near-surface properties (zone A in Fig. 13a).
 The presence of a positive plastic gradient causes an
increase in the load capacity for all material properties considered here. In contrast to the pile-up, the
load response is dominated by the bulk properties

of the material, with the zone of inﬂuence being
approximately ﬁve times the scratch depth (zone B
in Fig. 13a). More important is the eﬀect of gradient
on the redistribution of von Mises stresses such that
the peak values shift below the surface, thus improving the surface resistance to damage evolution
(Fig. 13b).
2. The main diﬀerences of the eﬀect of plastic gradient,
as compared to the frictional sliding response of
homogeneous materials, are identiﬁed as follows (also
see Fig. 13a and 13b, where the dashed lines denote
response of the homogeneous samples).
 Consistent with earlier studies on homogeneous
materials [25–27], strong eﬀects of elastic-plastic
ratio (E*/ry,surf) and strain-hardening exponent (n)
are observed on the pile-up response. In contrast,
presence of the gradient shows a much smaller eﬀect
on the pile-up value.
 For a given ratio of E*/ry,surf, the increase in load
capacity with strain-hardening is associated with
higher stresses on and near the surface while the
presence of a positive plastic gradient causes the
highly stressed zone to be redistributed below surface (Fig. 13b).
3. The hardness of the material increases with increasing
positive gradient. Using a representative strain of
33.6% [25,27], a ‘‘representative depth” of 0.65 times
the scratch depth is identiﬁed; where the hardness
curves for diﬀerent plasticity gradients can be
expressed independent of the plasticity gradient
(Fig. 7b).
4. For a given elastic-plastic property, an increasing
positive gradient is observed to decrease total apparent friction through a reduction in the ploughing coefﬁcient (Fig. 8). This aspect of the gradient eﬀect is
signiﬁcant in potential tribological applications of
graded materials.
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5. The contact-load-bearing capacity of plastically
graded materials follows the similar trend in behavior
during indentation and scratch, with the value being
approximately 10% higher in scratch than during
indentation (Fig. 11a). However, signiﬁcant diﬀerences between the pile-up and the friction response
are observed. In particular, an increase in interfacial
friction is found to cause an increase in pile-up during
scratch, while it causes a decrease in the pile-up during
indentation. Overall, the ratio between in-situ measures of the two hardness measures is found to be
within 1.2 to 1.6 for all properties and gradients considered in this analysis.
6. Dimensionless functions are constructed to predict
aspects of the forward problem of the steady-state
sliding response for PGMs currently investigated.
These functions have important practical implications, as for example in the design of grain-size graded
nanocrystalline materials, which are characterized by
a low strain hardening. In addition, this approach
provides the foundation for further extension to other
material hardenings and indenter angles.
Based on these new developments, the basic guidelines
for tailoring surfaces through controlled yield strength gradient design can be summarized as follows. (a) It is suﬃcient
to have plasticity gradients conﬁned within ﬁve times the
expected scratch depth so as to inﬂuence frictional sliding
response signiﬁcantly; (b) steeper gradients can be used to
decrease the material removal response; (c) for a given
material, the choice between introducing gradients in yield
strength versus increasing the surface strain-hardening to
improve contact-damage resistance can be made based on
the fact that while the gradient in material strength causes
an increase in the load capacity together with a redistribution of peak stresses below surface, no signiﬁcant improvement in the pile-up response can be obtained.
Thus, while the signiﬁcance of plastic property gradient
as an important tool in the design of functional materials
was recognized earlier, the present study identiﬁes practical
guidelines for the design and for the understanding of the
mechanics of deformation in these materials. In summary,
this study addresses some of the fundamental questions
related to the mechanism and design of plastically graded
surfaces for sliding contact; provides a quantitative framework to predict sliding response through the constructed
closed-form functions; identiﬁes important diﬀerences
between the homogenous and graded material response;
and provides a systematic methodology to design and evaluate nanocrystalline materials with controlled gradient in
grain-size as validated in our related experimental work
[61]. It is known from prior work [62] that the equivalence
between the mechanics of contact and the mechanics of
failure imply the carryover of many of the general trends
established in this study on frictional sliding at surfaces
to situations involving failure progression and damage
tolerance.
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