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Abstract
Indentation hardness has been used extensively for material characterization and many recent computational studies
have established quantitative relationships between elasto-plastic mechanical properties and the response in instrumented
indentation. In contrast, very few studies have systematically quantiﬁed the eﬀect of the plastic deformation characteristics
on the frictional sliding response of metals and alloys. Building upon dimensional analysis and ﬁnite element computations, a parametric study was carried out to extend our previous work to diﬀerent contact friction conditions. For a wide
range of elasto-plastic and contact friction parameters, we established closed form universal functions, for various contact
conditions, that relate elasto-plastic properties (Young’s modulus, yield strength, and power law hardening exponent) to
steady state frictional sliding response (scratch hardness, pile-up height and overall sliding frictional coeﬃcient). Distribution of the plastic strain beneath the indenter was studied to rationalize the deformation modes versus elasto-plastic properties and pile-up. In parallel, experiments were conducted for the eﬀect of plastic ﬂow characteristics on the frictional
sliding (or scratch) response under diﬀerent surface friction conditions. Pure copper and a brass alloy were heat-treated
to vary yield strength and strain hardening exponent and the contact friction coeﬃcient was varied by applying a liquid
lubricant on the surface. Frictional sliding experiments were conducted using a nanoindentation testing system, where
grain size and alloy composition were found to inﬂuence the response. Although variations in the frictional sliding
response versus yield strength, strain hardening and friction were invariably coupled, the combined computational and
experimental approach enabled us to isolate the relative contributions of each parameter. The results clearly demonstrated
that an increase in the strain hardening exponent can signiﬁcantly decrease the pile-up height, with known and further
potential implications for the evaluation of tribological damage.
 2007 Elsevier Ltd. All rights reserved.
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1. Introduction
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Material hardness is a mechanical property referring to the normal contact force that a material can
support per projected unit area of contact. Indenta-
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tion hardness tests have been used extensively for
material characterization and also as a basis for predicting the tribological response (Hutchings, 1992;
Fischer-Cripps, 2000; Gouldstone et al., 2007).
Indentation tests were traditionally based on an
estimate of the residual area of contact or the remnant penetration depth, but developments and commercialization of depth-sensing instrumented
indentation systems have enabled continuous measurement of the force and displacement during loading and unloading. Following these advances, many
studies have examined the contact mechanics of
instrumented indentation. Dimensional analysis
and ﬁnite element methods (FEM) were employed
to quantify relationships between the measured
force–displacement (P–h) response and elasto-plastic properties (Dao et al., 2001; Mata et al., 2002;
Matsuda, 2002; Tunvisut et al., 2002; Bucaille
et al., 2003; Chollacoop et al., 2003; Cao and Lu,
2004; Cheng and Cheng, 2004; Oliver and Pharr,
2004; Ogasawara et al., 2005; Wang et al., 2005).
Other studies also investigated experimentally the
indentation response of various materials using
instrumented systems (Schwaiger et al., 2003;
VanLandingham, 2003; Schuh and Nieh, 2004).
As compared to normal indentation, few studies
have systematically investigated the mechanics for
frictional sliding (Bucaille et al., 2001; Bucaille and
Felder, 2002; Subhash and Zhang, 2002; Youn
and Kang, 2004; Fang et al., 2005). In the steady
state regime of frictional sliding, the normal force
is maintained constant and the tangential displacement induces material ﬂow and the formation of
ridges or pile-ups on each side of the scratch scar.
Under appropriate contact conditions, our related
earlier computational study predicted a strong connection between the frictional sliding response and
material elasto-plastic properties (Bellemare et al.,
2007). In fact, the eﬀects of initial yield strength
and plastic strain hardening exponent were quantiﬁed and isolated for their contribution to scratch
hardness and pile-up height. This quantitative
approach to study frictional sliding was proposed
as an experimental tool for material characterization, but also as a simple predictor for the tribological response of materials. Recently, a similar set of
studies were carried out to determine and compare
the hardness and friction response for a range of
strain hardening characteristics (Wredenberg and
Larsson, 2007). Their results showed a representative plastic strain of 35% for an indenter apex angle
of 68 (Wredenberg and Larsson, 2007), versus
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33.6% for an apex angle of 70.3 in our earlier study
(Bellemare et al., 2007). Although these values are
similar, our previous work indicated that the representative plastic strain is considerably smaller for
high strain hardening materials. Several other previous experimental studies have used frictional sliding
experiments (Zhang et al., 1994, 1995; Liang et al.,
1995; Deuis et al., 1996; Wilson et al., 2000; Bolduc
et al., 2003), but the underlying interpretation provided only partial information about the relative
contributions to the overall frictional sliding
response in terms of the material and contact
parameters.
Contact friction signiﬁcantly inﬂuences the sliding contact response. For a sliding contact where
signiﬁcant plastic deformation develops underneath
the indented surface, we envision two components
to the total or overall friction coeﬃcient, which is
deﬁned as ratio of tangential force over normal
force. The ﬁrst component is from the local interaction between the indenter and material surfaces in
normal contact, i.e. surface friction. This surface
friction can be accounted for using Amontons’s
law with an appropriate friction coeﬃcient and it
can be directly aﬀected by lubrication. The second
component to the overall friction is from the work
for plastically deforming the surface and it should
be inﬂuenced by the contact geometry and elastoplastic properties, although a recent study suggested
independence on properties for relatively soft materials (Wredenberg and Larsson, 2007).
For normal indentation, FEM computations
suggested a signiﬁcant inﬂuence of the friction coefﬁcient on the pile-up behavior (Mesarovic and
Fleck, 1999; Carlsson et al., 2000; Mata and Alcala,
2004). Experimentally, lubricants decrease the
indentation hardness (Atkinson and Shi, 1989; Shi
and Atkinson, 1990) and increase the hardness in
frictional sliding (Brookes and Green, 1979; Brookes, 1981). From the viewpoint of the contact geometry evolution, the frictional force pushes the
material downward during normal indentation
while it pushes the material upward and to the front
and side in frictional sliding. This fundamental difference explains the reverse eﬀect of friction in frictional sliding versus normal indentation, but a more
detailed analysis is needed for a quantitative prediction of the eﬀect of friction in sliding contact.
In the present study, we used dimensional analysis and large scale ﬁnite element computations, to
extend our previous theoretical framework (Bellemare et al., 2007) to include the inﬂuence of various
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contact friction conditions. We established a set of
closed form universal functions to relate elasto-plastic properties, i.e. Young’s modulus, yield strength
and power law hardening exponent, to steady state
frictional sliding response, i.e. scratch hardness,
pile-up height and overall sliding frictional coeﬃcient, with respect to various contact friction conditions. In parallel, we conducted a comprehensive set
of sliding contact experiments on a model material
system to investigate the eﬀect of plastic ﬂow characteristics and surface friction parameters on the
frictional sliding response, or scratch response.
The results are compared with predictions from
our theoretical/computational results. Based on a
comparison of experiments with computational
results, the eﬀect of plastic strain hardening on the
deformation ﬁeld is also discussed.

conditions with the diﬀerent heat-treatments provided the opportunity to study the speciﬁc eﬀect of
the grain size on the frictional sliding response.
Tensile tests were carried out on all materials to
quantify the plastic deformation response. Prior to
testing, the specimens were marked with ink at speciﬁed interval distances to independently measure the
plastic strain at maximum tensile strength. The
stress–strain curves were corrected for machine/
specimen compliance and consistency was obtained
between the critical engineering strain, i.e. strain at
tensile strength, and the permanent elongation of
the specimens measured using the marking technique. True stress versus true strain power law hardening was used to ﬁt the experimental data:

n
E
r ¼ ry 1 þ e p ;
ð1Þ
ry

2. Experimental and computational methods

where ep is the equivalent plastic strain, ry is the initial yield strength, E is the Young’s modulus of the
material and n is the strain hardening exponent. The
results from this ﬁt are summarized in Table 1 and
three example curves are shown in Fig. 1. In the ﬁtting procedure, more weight was given to the later
part of the experimental curve where the plastic
strain is most signiﬁcant.

Copper was selected as a model material system
because large variations in the strain hardening
exponent can be introduced by controlling the grain
size and composition. Commercially pure copper
(99.9%) and a single phase copper–30 wt% zinc
alloy were obtained from Noranda Inc. (PointeClaire, Canada) in the form of cold worked sheets
that were 0.6 mm thick. Standard dog-bone specimens were machined out of the sheets. After
machining, the specimens were divided into three
groups that were then heat-treated for recrystallization at temperatures of 450, 600 or 700 C for 3 h.
The microstructure of each alloy was then characterized in detail, including a quantiﬁcation of the
average grain size d as listed in Table 1. With pure
Cu and the brass alloy, a total of six material conditions were investigated. In the absence of other signiﬁcant changes to the microstructure, the
Table 1
Material conditions tested with average grain size, initial yield
strength and strain hardening exponent based on tensile test
results
Material
T (C)
d (lm)
ry (MPa)
n
Cu
Cu
Cu
Cu–Zn
Cu–Zn
Cu–Zn

450
600
700
450
600
700

20 ± 8
150 ± 30
380 ± 50
27 ± 6
76 ± 10
180 ± 20

145
44
28
45
15.5
7

0.13
0.27
0.29
0.35
0.41
0.45

2.2. The frictional sliding experiments
All specimens were mechanically polished to a
surface roughness of less than ±5 nm and tested
700
601
600

True Stress (MPa)

2.1. Material system

501
500
401
400
301
300

Fitted
o
Cu-Zn 450 C
o
Cu 450 C
o
Cu-Zn 700 C

201
200
101
100
1
03
0
0.0

0.1

0.
0.2

0.3

0.4

0.5

True Strain
Fig. 1. True stress versus true strain curves for three diﬀerent
materials and the associated ﬁtted function using power law
strain hardening.
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on a commercial nanoindentation test system
(NanotestTM, Micro Materials Ltd., Wrexham, United Kingdom). The indenter was a conical diamond
with an apex angle h of 70.3 and a tip radius of
2 lm. For the conditions of penetration depth investigated, the size of the scratches was suﬃciently
large to consider the indenter as perfectly conical.
The experiments were carried out under constant
normal load, P, at a velocity of 10 lm/s and over
a total distance of 1500 lm, which was suﬃcient
to attain steady state conditions after approximately
300 lm and continue to generate a region of valid
steady state proﬁle. After the experiment, a series
of at least 30 cross-sectional residual proﬁles were
obtained over the steady state regime by using a
Tencor P10 proﬁlometer (KLA-Tencor, San Jose,
California). The proﬁlometer was equipped with a
conical diamond probe which had an apex angle
of 45 and a tip radius of 2 lm. The steady state
regime was also observed with a Leo VP438 scanning electron microscope (Leo Electron Microscopy
Inc., Thornwood, New York).
Schematic drawings of frictional sliding are
shown in Fig. 2, where the frictional sliding process,
a cross-sectional view of symmetry plane during the
steady state stage, and a cross-sectional view of the
residual scratch proﬁle are presented. Graphical
representations for the pile-up height hp, the residual penetration depth hr and the contact radius ar
are deﬁned. The contact radius ar can be used
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directly to calculate the overall resistance to penetration using the traditional deﬁnition of hardness
(Tabor, 1951; Johnson, 1985; Williams, 1996;
Fischer-Cripps, 2000; Gouldstone et al., 2007)
HS ¼

2P
;
pa2r

ð2Þ

where P is the applied normal load. Assuming the
absence of signiﬁcant size eﬀects, the main advantage of the conical geometry is the size-independence due to self similarity. With this assumption,
the simple ratio of hp/hr provides an indication on
the tendency of the material to form a pile-up.
After hardness and pile-up proﬁles, friction is the
third important parameter to the frictional sliding
response. Because friction occurs at two diﬀerent
levels, we will separate the overall friction coeﬃcient
as
ltot ¼

Ft
¼ la þ lw ;
P

ð3Þ

where Ft is the total tangential force, la is the coefﬁcient of friction for the normal contact and lw is
the friction contribution besides la. The parameter
la is governed by Amontons’s law of friction which
speciﬁes the ratio between the normal pressure and
the local tangential traction. The value of la will
be varied experimentally using an isostearic acid
(Century 1105, Arizona Chemical, Jacksonville,
Florida) as a liquid lubricant. The lubricant had a

Indenter motion

a

b

Indenterr
Indente

P
hp

Stage 1: Normal indentation

y
x

Ft

θ

Stage 2: Transient regime
of frictional sliding

hr

h

c
Stage 3: Steady state
frictional sliding

hp

ar

y
z

hr

y

Initial surface level

x
z

Fig. 2. (a) A schematic drawing of the frictional sliding process, (b) a cross-sectional of the symmetry plane in the steady state regime and
(c) a cross-sectional view of the residual scratch proﬁle. All solid lines represent the top free surface of the material being plastically
deformed.
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viscosity of 70 cps at 25 C and it contained mainly
C18 branched chains (59%) and C18 cyclic chains
(11%).
2.3. Dimensional analysis and computational model
setup
For steady state frictional sliding of elasto-plastic
materials, the contact conditions can now be analyzed and predicted in detail. To simplify the elastic
contributions from the material and the indenter,
we used the reduced modulus (Johnson, 1985)

1
ð1  m2 Þ ð1  m2i Þ
þ
E ¼
;
ð4Þ
E
Ei
where Ei and mi are the Young’s modulus and Poisson’s ratio of the indenter, respectively. For the diamond indenter used in the experiments,
Ei = 1100 GPa and mi = 0.07 are given (MatWeb:www.matweb.com, 2006). The elastic constants speciﬁed for polycrystalline Cu were taken
to be: E = 110 GPa and m = 0.35 (MatWeb:www.matweb.com, 2006). These properties
were assumed to be isotropic for the conditions
tested.
For a ﬁxed cone apex angle of h = 70.3 and a
ﬁxed friction coeﬃcient of la = 0.15, three new
dimensionless functions have been deﬁned using
dimensional analysis and evaluated numerically
through a comprehensive parametric study (Bellemare et al., 2007). Under the assumptions for ﬁxed
h and la, these functions predict the frictional sliding response based on elasto-plastic properties and
the following closed-form functions:
 
 r  H 
ry a2ðnÞ
y
S
¼ a1ðnÞ
;
Pa n;  ¼
E
ry
E
"

pb ðnÞ #

 r  h
ry
y
p
Pb n;  ¼ ¼ Pb;RP ðnÞ
1þ
E
hr
X b ðnÞE
 r  F 
y
t
Pc n;  ¼
¼ ltot
E
P
"

¼ Pc;RP 1 þ

ð5Þ
and
ð6Þ

ry
X c ðnÞE

pc ðnÞ #
;

ð7Þ

where the subscript ‘RP’ indicate the value of
the function at the limit of rigid-plastic properties,
the variable Ft is for the overall lateral force
and the variable ltot is for the overall friction coefﬁcient. Simple numerical expressions were provided
(Bellemare et al., 2007) for the other numerical

terms for the sub-functions of n(a1(n), a2(n),
Pb,RP(n), Xb(n), pb(n), Xc(n) and pc(n)) and the constant Pc,RP. All functions are smooth and with a
monotonic variation, except Xb(n) which has a
minimum at n = 0.4. With these functions and their
underlining assumptions, one can specify the elastoplastic properties of a material and predict the frictional sliding response in terms of normalized
scratch hardness Hs/ry(Pa), ratio of pile-up height
(Pb) and overall friction coeﬃcient ltot(Pc).
In their most general form, these dimensionless
functions are expressed as:
 r

y
Pa ¼ f n;  ; la ; h ;
ð8Þ
 E

ry
Pb ¼ f n;  ; la ; h ; and
ð9Þ
E
 r

y
Pc ¼ f n;  ; la ; h :
ð10Þ
E
For the current study, we speciﬁcally investigate the
eﬀect of the friction coeﬃcient la, which will add a
dimension to the dimensionless functions Pa, Pb
and Pc presented in Eqs. (5)–(7). On the other hand,
the parameter h remains ﬁxed at 70.3 in this study.
Full three-dimensional models were used because
the stress and strain ﬁelds generated by frictional
sliding cannot be approximated using two-dimensional or axisymmetric FEM. The complete mesh
domain contained 170,000 reduced integration 8noded elements. The ﬁnite element computations
were performed using the general purpose FEM
software package ABAQUS (Simulia, Providence,
Rhode Island, USA). The solution method was explicit and based on Eulerian boundaries where the
mesh remains stationary. Additional details on the
meshing procedure and model validation can be
found elsewhere (Bellemare et al., 2007). The approach was well tested for mesh reﬁnement and convergence, and for the independence of the solution
method adapted.
Finite element solutions were obtained for ﬁxed
values of the friction coeﬃcient la = 0, 0.08, 0.2 or
0.3. For the materials with a plastic strain hardening
exponent n 6 0.2, la was limited to a maximum
value of 0.2 (for n < 0.35) or 0.3 (for n > 0.35)
because higher la could generate physical and
numerical instability due to excessive pile-up. In
the complete parametric study a minimum of 6 cases
of ry/E* were explored for any combination of n
and la covered, adding a total of 90 cases to the previous study (Bellemare et al., 2007) that focused on
la = 0.15. The same procedure as in the previous
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3. Results and discussion
3.1. Quantitative descriptions of contact sliding with
friction
Extending our previous study (Bellemare et al.,
2007), we now consider the eﬀect of varying friction
coeﬃcient la on the sliding contact response.
Computationally, three parameters can be varied
independently: the friction coeﬃcient la, the normalized initial yield strength ry/E*, and the strain hardening exponent n. We quantiﬁed the eﬀect of each of
these parameters within the framework of the general dimensionless functions Pa, Pb and Pc (Eqs.
(8)–(10)). Although we could have used new functions to represent the new data, we found that the
general dependency on n and ry/E* was very similar
to that in our earlier analysis (Eqs. (4)–(7)). Therefore, the inﬂuence of the friction coeﬃcient was
incorporated by adding penalty terms in the former
equations (Bellemare et al., 2007). The new subfunctions and their coeﬃcients were determined by
minimization of the residuals. These universal
dimensionless functions represent ﬁts to the FEM
results, and the constructed ﬁtting functions will be
compared with and veriﬁed against experimental
measurements for a range of cases in Section 3.2.
For the normalized scratch hardness HS/ry, the
best ﬁt was obtained by using the function
 
HS
Pa ¼
ry
 r ½a2ðnÞþCa2 ðla Þ
y
¼ ½a1ðnÞ þ nCa1 ðla Þ 
ð11Þ
E
with
Ca1 ðla Þ ¼ 0:12  0:64=½1 þ e

and their values vary monotonically with la. They
were selected to minimize the error when ﬁtting all
the data throughout the range of numerically simulated material properties.
Fig. 3 presents the function Pa and the associated
FEM data points on log–log plots of the normalized
hardness HS/ry versus the normalized yield strength
ry/E*. The data for the ﬁve diﬀerent values of the
strain hardening exponent n are well separated.
For each value of n the eﬀect of the surface friction
coeﬃcient la is more limited, but the following
trends are seen:
• For n ﬃ 0.35, the eﬀect of friction is negligible;
• For n > 0.35, the hardness increases with increasing friction coeﬃcient la;
• For n < 0.35, the hardness decreases with increasing friction coeﬃcient la.
For n < 0.35, the decrease in hardness could be due
to an increase in the amount of material being
pushed to the side of indenter, increasing the area
of contact through a higher pile-up. Although the
changes appear limited on this log–log plot, the
eﬀect on hardness can reach 5–15% depending on
the conditions.
The second function studied is Pb for the normalized pile-up height hp/hr. The behavior of this
function should be asymptotic on both sides with
little inﬂuence of yield strength for rigid-plastic
materials and with a residual height of zero in the

100

μa values

n = 0.5

0
0.08
0.15
0.2 or 0.3

n = 0.35

HS / σ y

study was used to extract hp, hr and ar from the
nodal position of the residual proﬁle. The FEM
results from both studies were all incorporated into
the new dimensionless functions so as to develop a
comprehensive understanding of the eﬀects of E*,
ry, n and la on frictional sliding.
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10

n = 0.2
30ðla 0:1Þ

Ca2 ðla Þ ¼ 0:006  0:0278=½1 þ e

;

25ðla 0:1Þ



and the sub-functions (a1(n) and a2(n)) as evaluated
previously (Bellemare et al., 2007). For hardness,
the contribution from the friction coeﬃcient la is included with the terms that previously depended only
on the strain hardening exponent n. The sub-functions Ca1 and Ca2 are exponential growth functions

n = 0.1

3

n = 0.02

2
-4

10

-3

10

-2

10

-1

10

σ y / E*
Fig. 3. Eﬀect of the friction coeﬃcient la on the normalized
hardness versus normalized yield strength relationship.
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elastic limit. The logistic function selected in previous study respects both of these limits and it allows
for a simple expression of the pile-up height:
Pb ¼

hp
¼ Pb;RP ðnÞCb;RP ðla Þ
hr

,"


1þ

ry
X b ðnÞCX b ðla ÞE

pb ðnÞ #

ð12Þ
with
Cb;RP ðla Þ ¼ 0:909 þ 0:627la ;
CX b ðla Þ ¼ 0:651 þ 1:21la þ 7:61l2a ;
and the sub-functions of n (Pb,RP(n), Xb (n) and
pb(n)) as evaluated previously (Bellemare et al.,
2007). Fig. 4 presents the function Pb evaluated at
the diﬀerent values of n and la for which we have
FEM results. The sets of curves for the speciﬁed values of n illustrate in more detail the combined inﬂuence of n and ry/E* on hp/hr. Within each set of
these curves, the normalized pile-up height hp/hr always increases when the friction coeﬃcient la increases. This increase in height can be associated
with an increase in the interaction forces that push
the material to the front and sides of the indenter.
The absolute value of the oﬀset in hp/hr caused by
variations in la is signiﬁcant for the strain hardening exponent range: 0.02 6n 6 0.35. For the largest
value of n = 0.5, where the transition between pileup and sink-in is approached, the eﬀect of friction
is limited. The sink-in phenomenon is a diﬀerent

1.0

μa values

0
0.08
0.15
0.2 or 0.3

0.8

hp / hr

0.6

n = 0.02

n = 0.2

0.4

n = 0.35
0.2

n = 0.5
0.0
-4

10

-3

-2

10

10

-1

10

σy / E*
Fig. 4. Eﬀect of the frictional coeﬃcient la on the normalized
pile-up height versus normalized yield strength relationship.

behavior than the pile-up behavior reported in this
paper because the motion of the plastically deforming material is all downward ahead of the tip. This
sink-in was observed during simulation for n = 0.5
and ry/E* > 0.005, but the results are not presented
here. With sink-in, there is no real pile-up and it is
diﬃcult to ascertain the area of contact from the
residual proﬁle. Including sink-in behavior in the
equations would require a more detailed analysis.
At the same time, it would probably ﬁnd limited
practical applications because very few hardened
ductile materials have properties beyond the range
covered in this study.
To illustrate the eﬀect of the strain hardening
exponent on the pile-up, a semi-quantitative
description was developed for the evolution of the
deformation zone with plastic properties. Data for
the equivalent plastic strain were extracted from
the elements located in the unloaded region and at
a distance ar/2 from the symmetry plane and they
are reported in Fig. 5 as a function of the distance
beneath the scratch surface. Fig. 5a presents a series
of equivalent plastic strain contour plots for a relatively soft material where ry/E* = 0.001. As the
strain hardening exponent decreases, the equivalent
plastic strain near the surface increases signiﬁcantly.
For the strain distribution beneath the surface, the
plastic strain deceases less rapidly for the materials
with a higher hardening exponent. The plastic strain
is more distributed with increasing n, which is consistent with the decrease in the pile-up height as
the ﬂow of material extends further beneath material/indenter interface.
The initial yield strength also inﬂuences the
plastic strain distribution. Fig. 5b presents a similar series of results for a harder material where
ry/E* = 0.01. Although the general shape of these
curves remains the same as those for the softer
material, there is a general and signiﬁcant decrease
in the magnitude of the plastic strain. When used
together, Fig. 5a and b provide a description of
the evolution of equivalent plastic strain for diﬀerent strain hardening exponent and initial yield
strength values. The hardening exponent signiﬁcantly aﬀects the distribution, while the initial yield
strength clearly inﬂuences the average magnitude of
the equivalent plastic strain.
The third and last universal function Pc is for the
overall friction coeﬃcient ltot or the ratio of the lateral force of interaction Ft over the normal force P
between the indenter and the surface. The eﬀect of
friction was incorporated to yield
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b

4

n values
0.1
0.2
0.35

3

4

Equivalent plastic strain

Equivalent plastic strain

a

2

1

0
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n values
0.1
0.2
0.35

3

2

1

0
0.0

0.5

1.0

1.5

2.0

2.5

0.0

Distance beneath the scar normalized by hr

0.5

1.0

1.5

2.0

2.5

Distance beneath the scar normalized by hr

Fig. 5. Magnitude of the equivalent plastic strain beneath the indenter for (a) ry/E* = 0.001 and (b) ry/E* = 0.01.

þ ðPc;RP Cc;RP ðla Þ  la Þ

0.7



ry
1þ
X c ðnÞCX c ðla ÞE

pc ðnÞ #

ð13Þ
with
Cc;RP ðla Þ ¼ 0:586 þ 2:6la þ 0:877l2a ;
CX c ðla Þ ¼ 0:8 þ 1:33la þ 0:235l2a
and the sub-functions of n (Pc,RP, Xc(n) and pc(n))
as evaluated previously (Bellemare et al., 2007).
Without losing generality, ltot is deﬁned to be the
sum of two contributions from the quantities la
and lw (see Eq. (3)), where lw encompasses all contributions to the lateral force that cannot be accounted for by Amontons’s law of friction with a
coeﬃcient la evaluated from the nominally elastic
contact between two bodies. Therefore, lw accounts
for all increases in Ft that are required to deform
the material plastically and to move it under and
to the side of the indenter, leaving the path for the
advancing indenter. Consequently, lw is the only
term in the equation that depends on mechanical
properties.
Fig. 6 graphically represents the function Pc
where the sets of adjacent curves are now for a given
value of the friction coeﬃcient la and the diﬀerent
series are for the ﬁve diﬀerent values of la. The
curves were plotted using Eq. (9) while the FEM
data points are also included to illustrate the ﬁtting

Friction coefficient (μtot=μa+μw )

 
Ft
Pc ¼
¼ ltot ¼ la þ lw ¼ la
P
,"

n values
0.02
0.1
0.2
0.35
0.5

μa = 0.3

0.6

0.5

μa = 0.2
μa = 0.15

0.4
μa = 0.08

0.3
μa = 0

0.2

0.1
-4

10

-3

-2

10

10

-1

10

σy / E*
Fig. 6. Eﬀect of the frictional coeﬃcient la on the overall friction
coeﬃcient versus normalized yield strength relationship.

accuracy. Although the eﬀect of material properties
on the geometrical friction coeﬃcient is smaller than
the pile-up height, the variations over the range
studied are still signiﬁcant. The large range of material parameters used in the current study is probably
the origin for the discrepancy between the eﬀect of
friction that we found and other published results
where the eﬀect of material parameters on geometrical friction was found limited over a narrower
range of elasto-plastic properties (Wredenberg and
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Larsson, 2007). It is evident that, for a given set of
elasto-plastic properties, the lw term consistently
increases with la. Another feature that persists for
the diﬀerent values of la is that friction is independent of yield strength and strain hardening exponent
at the limit of a rigid-plastic material.

3.2. Experimental results and correlations with
computational results
An experimental study was undertaken to measure and control the friction coeﬃcient. The value
of la was measured through a repeated frictional
sliding test in which a spherical tip with a radius
of 100 lm was used for repeatedly sliding over the
same area 12 times. The normal load P was ﬁxed
at 1 N and the material was a high strength specimen of pure copper with an indentation hardness
of 1.5 GPa. Under those conditions, the ratcheting
or deepening of the impression progressively
reduced and became negligible after approximately
8 passes. Fig. 7 shows the raw friction signal
obtained during such an experiment. The friction
coeﬃcient is found to decrease from an initial value
of approximately 0.22 for the ﬁrst pass to a steady
state value of approximately 0.14. This technique
of measuring la may result in a small overestima-

0.25
Pass #
1

Friction coefficient μtot

0.20
2
3
5
12

0.15

12(lub)
0.10

0.05

0.00
0

2

4

6

8

10

Sliding distance normalized by R
Fig. 7. Experimental determination of the friction coeﬃcient la.
From top to bottom the curves represent the coeﬃcient of friction
ltot for an increasing number of passes over the same area until a
steady state is reached. The dotted lime at the bottom is for the
steady state with lubrication.

tion with a potential for a limited amount of plasticity in steady state, but it oﬀers a reasonable estimate
of la in an eﬃcient manner.
To vary experimentally la, we used the isostearic
acid as a liquid lubricant. The lubricant was added
to the surface and the tip after carrying out the load
and displacement calibrations. With the relatively
small velocity of the tip, the conditions were boundary lubrication. To verify the inﬂuence on la, the
experiment with a spherical tip presented in Fig. 7
was followed by another experiment under the same
conditions but with lubricant. For each pass, the
friction coeﬃcient was signiﬁcantly lower with a
lubricant and Fig. 7 presents the results for the
steady state regime. The use of lubrication caused
the steady state friction coeﬃcient to decrease from
0.14 to 0.11. This 25% decrease could have several
beneﬁcial eﬀects including a reduction in chip formation on hard materials with limited plastic strain
hardening exponent. The variation also allows for a
more comprehensive comparison between computational predictions and experimental results.
After measuring experimentally the surface friction coeﬃcient, we performed frictional sliding
experiments with the conical tip. The tests were on
pure Cu and Cu–Zn, at a normal load P = 2 N,
and for both the unlubricated and the lubricated
cases. For each material condition, the experiment
was repeated ﬁve times and proﬁlometry was carried
out on each proﬁle. From these proﬁles, the scratch
parameters were calculated and compared with predictions using the dimensionless functions, Eqs.
(11)–(13). For each of the three parameters under
the unlubricated condition, Table 2(panel a) indicates a maximum diﬀerence between the experiment
and the predictions of at most 7%, 13% and 5% for
the hardness, pile-up and friction, respectively. In
addition, the diﬀerences between experiments and
predictions indicate the absence of a deﬁnite trend,
suggesting that the overall dependence of sliding
behavior on elasto-plastic properties is correctly
predicted over the range of properties studied. Similarly, Table 2(panel b) shows the maximum diﬀerence of 11% for lubricated case for hardness and
pile-up ratio between experiments and predictions.
The eﬀect of diﬀerent friction coeﬃcients on normalized pile-up height is summarized in Fig. 8. The
materials shown in Fig. 8 are classiﬁed by their
value of the strain hardening exponent n. The values
of the pile-up height is consistently lower with a
lubricant, but the eﬀect of lubrication is found
to progressively decrease with increasing n and
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Table 2
Experimental results compared with the predictions made using the dimensionless functions: (a) unlubricated friction (la = 0.14) and (b)
lubricated friction (la = 0.11)
Material (treatment T in C)

HS (GPa)

Properties

hp/hr

ltot

(a)

ry (MPa)

n

Exp.

FEM

D (%)

Exp.

FEM

D (%)

Exp.

FEM

D (%)

Cu(450)
Cu(600)
Cu(700)
Cu–Zn(450)
Cu–Zn(600)
Cu–Zn(700)

145
44
28
45
15.5
7

.13
.27
.29
.35
.41
.45

0.66
0.62
0.60
1.13
0.95
0.81

0.71
0.66
0.55
1.16
0.90
0.78

7
6
1
3
5
4

.7
.57
.51
.44
.3
.28

0.69
0.52
0.50
0.40
0.33
0.28

3
13
5
12
8
1

.42
.43
.42
.41
.40
.41

.406
.409
.410
.407
.410
.411

3
5
2
1
2
0

Material (T in C)

Properties

(b)

ry (MPa)

n

Exp.

FEM

D (%)

Exp.

FEM

D (%)

Cu (450)
Cu (600)
Cu (700)
Cu–Zn (450)
Cu–Zn (600)
Cu–Zn (700)

145
44
28
45
15.5
7

.13
.27
.29
.35
.41
.45

0.71
0.70
0.62
1.19
0.92
0.78

0.73
0.67
0.56
1.17
0.91
0.78

2
4
11
2
1
0

0.63
0.47
0.45
0.41
0.29
0.28

0.68
0.50
0.49
0.39
0.33
0.28

7
7
7
4
11
1

HS (GPa)

hp/hr

The materials are listed in order of increasing n.

Normalized pile-up height hp/hr

0.8

Not lubricated
Lubricated

(145)

0.7

(44)
0.6
(28)
0.5
(45)
0.4
(16)
0.3

(7)

0.2
0.1

0.2

0.3

0.4

0.5

Strain hardening exponent n
Fig. 8. Inﬂuence of lubrication on the experimentally measured
values of the pile-up height. The numbers in parenthesis are the
values of the initial yield strength in units of MPa for each case.

eventually vanish for n = 0.5. For the scratch hardness, the results presented in Table 2(panel b) are
consistent with the predictions from the simulation
for n below 0.35 where the hardness increased with
decreasing la. Above n = 0.35, a decrease in hardness was observed for all three Cu–Zn alloys to an
extent slightly larger than that predicted computationally.
The overall coeﬃcient of friction ltot can be measured readily using an instrumented nanoindenter

wherein the frictional sliding experiment is performed. For all six ductile materials investigated,
Table 2(panel a) shows a maximum diﬀerence of less
than 7% in the value of ltot. A reasonable agreement
was obtained between the experiments and the predictions. However, at least for the range of conditions studied, it would be diﬃcult to use only the
friction information to diﬀerentiate between the
materials. A similar observation was also made
from a previous study on nickel where the eﬀect of
grain-size reﬁnement and large variations in yield
strength did not signiﬁcantly change the overall friction coeﬃcient (Bellemare et al., 2007). Although
the friction coeﬃcient ltot can be readily monitored
during an experiment, the two scratch parameters
that are most sensitive to elasto-plastic properties
are deﬁnitely the hardness and the normalized
pile-up height. In other words, for the conditions
explored in this work, relatively little variation in
overall friction coeﬃcient was found.
For illustration purposes, we now extract representative experimental pile-up proﬁles from the different conditions listed in Table 2 and discuss them
with respect to the dimensionless functions. As
listed in Table 2, with the same heat-treatment condition, the pile-up height is always lower in Cu–Zn
than in pure Cu. From the dimensionless function
in Eq. (12), a decrease in yield strength, as seen
with Cu–Zn, is predicted to always increase the
pile-up height. Therefore, any signiﬁcant decrease
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a

1.0
0.8

Surface height normalized by hr

in pile-up height observed with Cu–Zn is necessarily
due to the increase in the strain hardening exponent
because the initial yield strength is lower for Cu–Zn
and a lower yield strength would normally increase
the pile-up. This experimental comparison suggests
a dominant eﬀect of the strain hardening exponent.
It is also in agreement with Eq. (12) that predicts a
limited sensitivity of pile-up height on the initial
yield strength ry for the range of elasto-plastic
properties covered in this study. Therefore, in the
following discussion, we primarily focus on the variation of n to interpret the results from these
experiments.
A strong correlation can be identiﬁed between
the strain hardening exponent n and the normalized
pile-up height. Fig. 9a presents ﬁve individual residual proﬁles for each of the two materials recrystallized at the lowest temperature of 450 C, a
condition for which n is 0.13 for pure Cu and 0.35
for Cu–Zn. On this ﬁgure, the direction of motion
of the indenter is normal to the plane of the image.
Although the proﬁles of the two materials are similar in general shape, the average value of hp/hr
decreases from 0.70 to 0.44 as n increases from
0.13 to 0.35. Similarly, Fig. 9b presents proﬁles for
recrystallization at the highest temperature where
n is 0.29 for pure Cu and 0.45 for Cu–Zn. With
the decrease in n between pure Cu and Cu–Zn, the
average hp/hr decreases by nearly one half, from
0.51 to 0.28. With an experimental scatter in height
of the order of ±0.05 and excellent reproducibility
between the diﬀerent scratches, the diﬀerences
between pure Cu and Cu–Zn are signiﬁcant and well
beyond the level of ﬂuctuations and consistent with
the ﬁnite element predictions. For these two speciﬁc
examples, the initial yield strength of the material
was lower for the high hardening case, which would
have increased the pile-up height based on Eq. (12).
Therefore, the decrease in hp/hr can only be due to
the increase in n. In fact, the decrease and variation
between the conditions shown in Fig. 9 would have
been even more signiﬁcant without the diﬀerence in
initial yield strength between the materials. Thus,
the eﬀects of n alone would be higher than the diﬀerences shown in Fig. 9.
Fig. 10 presents secondary electron images
obtained in a scanning electron microscope
(SEM). For each of the four material conditions,
the images present the steady state regime and the
ﬁnal termination of the experiment for an indenter
moving downward. In the steady state regime, the
pile-up is more regular for the samples recrystallized

0.6
0.4
0.2
0.0
-0.2
-0.4

pure Cu
Cu-Zn

-0.6
-0.8
-1.0
-10

-5

0

5

10

Distance to symmetry plane normalized by hr

b

1.0
0.8

Surface height normalized by hr
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-0.6
-0.8
-1.0
-10

-5

0

5

10

Distance to symmetry plane normalized by hr
Fig. 9. Cross-section proﬁles for the experiments on the materials
recrystallized at (a) the lowest temperature of 450 C and (b) the
highest temperature of 700 C. There are ﬁve data sets for each of
the two materials.

at 450 C than for those recrystallized at 700 C. At
least in Cu–Zn, the preferential orientation of the
deformation bands illustrates an eﬀect of individual
grains. For pure Cu recrystallized at 700 C, there
are also changes in the orientation of the bands on
the free surface that are consistent with the intrinsic
eﬀect of grains. Since the grains are larger for the
highest recrystallization temperature of 700 C, the
intrinsic eﬀect of grains with diﬀerent orientations
could well explain the variability in scar width and
surface features.
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Fig. 10. Top surface image over the steady regime and the termination of a scratch for: (a) pure Cu recrystallized at 450 C, (b) Cu–Zn
also at 450 C, (c) pure Cu at 700 C and (d) Cu–Zn also at 700 C. The indenter was traveling from top to bottom.

Intrinsic eﬀects from the microstructure caused
local ﬂuctuations in the scratch pattern, including
scar width and pile-up height. However, it should
be noted that the average values remained consistent with the FEM predictions which are based on
a continuum formulation. Due to the lateral displacement, frictional sliding oﬀers the advantage
over normal indentation to probe a larger volume
of material and can generate averaged values of
elasto-plastic properties from a single experiment.

4. Conclusions
The frictional sliding contact of elasto-plastic
materials was studied experimentally and computationally. The following conclusions can be drawn:
1. High plastic strain hardening signiﬁcantly
decreases the normalized pile-up height for the
material left on each side of the scratch scar. A
more reﬁned grain microstructure reduces the
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2.

3.

4.

5.
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variability in the frictional sliding process, and it
also decreases the normalized pile-up height.
High plastic strain hardening or yield strength
decreases the magnitude of the equivalent plastic
strain underneath the indenter. Strain hardening
also distributes the strain to a greater distance
beneath the surface of contact.
Dimensionless functions developed in our parallel study (Bellemare et al., 2007) on instrumented
frictional sliding were modiﬁed to include the
eﬀect of the friction coeﬃcient. For materials
for which the strain hardening exponent is below
0.35, scratch hardness increases if friction
decreases.
The most signiﬁcant eﬀect of friction is to
increase the normalized pile-up height. The eﬀect
decreases for very large strain hardening exponents. No previous studies had reported the speciﬁc eﬀect of friction on the frictional sliding
response of a large variety of materials.
An isostearic acid used as a boundary lubricant
can decrease by 25% the friction coeﬃcient
between the surface and the diamond tip. The
experimental eﬀect of lubrication on the hardness
and pile-up was consistent with our ﬁnite element
predictions.

The frictional sliding experiment can be well controlled and designed to consistently yield results in
agreement with the computational predictions. It
could become an alternative or a complement to a
normal indentation test.
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