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Size-dependent deformation in nanograins and nanotwins
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This paper discusses three aspects that have not been looked into within mechanistic model for
rationalizing observed behavior of nanocrystalline materials. (1) For the nano-materials with low
energy barrier to emit the trailing partial after the leading partial, such as nanocrystalline Al
(nc-Al), both partials extend intra-granularly in strengthening effect. (2) In the transition grain-size
region between strengthening and softening, the coupled effect of intra-granular dislocation
extension and grain boundary deformation contributes to flow stress. (3) Reformulating the
C 2013 American
non-homogeneous nucleation model, the activation volume is further examined. V
Institute of Physics. [http://dx.doi.org/10.1063/1.4794539]

A unified mechanistic model to rationalize sizedependent flow stress, activation volume, and strain-rate
sensitivity for face centered cubic (FCC) metals with either
nanocrystalline (nc) grains or nanotwinned (nt) grains was
proposed in our previous work.1 The three important
nano-scaled parameters are theoretically modeled by nonhomogeneous dislocation nucleation and intra-granular or
intra-twin dislocation extension.1–6 Here, we continue the
investigation, in particular, in three cases that have not been
looked into within the mechanistic model. (1) The trailing
partial is emitted into the grain following the leading partial’s emission, when the energy barrier for such process is
low, such that two partials with a band of stacking fault propagate intra-granularly for strengthening. (2) For small grain
size, where both intra-granular dislocation extension and
grain boundary deformation operate, the coupled effect of
both contributes to strength softening. (3) Simplifying the
non-homogeneous nucleation model, we further examine the
activation volume.
Both nanocrystalline grains and nanotwins embedded in
ultrafine grains are effective to enhance the mechanical
strength of FCC metals.7,8 Dislocation cells, which can block
dislocation extension, are not expected to operate in nanograins9 and also nanotwins, and partial dislocation extension
leads to the enhancement of mechanical strength.1–6,10,11 In
the non-uniform partial dislocation extension model,1,4,5 the
flow stress for nanograins is expressed as


C
1
1
b
:
(1)
s1 ¼ þ G 
b
3 12pb d
Here, d is the grain size, b is the magnitude of Burgers vector, C is the stacking fault energy, and G is the shear modulus.
The normalized extension distance b ¼ ð1=d 2 Þ
Ðd
0 dðxÞdx, where dðxÞ is the extension distance from the
grain boundary. The flow stress model in Eq. (1) is shown in
Figure 1, as marked by the strengthening portion, versus
experiment data for nanocrystalline Cu (nc-Cu) from
Weertman’s group.12 This comparison using different
a)
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experimental data for nc-Cu from those used in our previous
work again shows appropriate model prediction. For nanocrystalline Ni (nc-Ni), the comparison of prediction with
experiment data13–17 is shown in Figure 2.
For nanotwins, the flow stress is dependent of both twin
thickness and grain size1 and is expressed from the nonuniform partial dislocation extension model as
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b G 1
1
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s¼ þ

þ

: (2)
b 2 3 12pb1 k 2 3 12pb2 d
Here, k is the twin thickness.Ð The two normalized extend
sion
distances b1 ¼ 1=ðkdÞ 0 d1 ðxÞdx and b2 ¼ 1=ðkdÞ
Ðk
0 d2 ðxÞdx, where d1 ðxÞ and d2 ðxÞ are the extension distances
along the short edge and the long edge of the lamella slip
plane, respectively. The flow stress model in Eq. (2) is shown
in Figure 3, as marked by the strengthening portion, versus
experiment data for nanotwinned Cu (nt-Cu) from Lu’s

FIG. 1. Prediction of flow stress for nc-Cu: strengthening at large grain size
(left side, plotted with Eq. (1)); softening at small grain size (right side, plotted with Eq. (6)). The experimental data are converted from the hardness
measurements in Ref. 12.
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this case where both partials contribute to strengthening, we
modify the free energy in Ref. 3
E¼

Gdb2 d  s
ln
 T1 dðd  r0 Þ  T2 dðs  r0 Þ
12p
r0

þ cdðd  sÞ þ 2Lp ðd  sÞ þ 2Lf s:

FIG. 2. Prediction of flow stress for nc-Ni. For experimental data, star symbols are from Ref. 13, triangle symbols from Ref. 14, circle symbols from
Ref. 15, diamond symbols from Ref. 16, and square symbols from Ref. 17.

group.18 By choosing the extension parameters, b, b1 , and
b2 , as specific functions of the grain size or twin thickness,1
Eqs. (1) and (2) are equivalent to the Hall-Petch relation.
Equation (1) is derived for the situation where only the
leading partial is emitted to glide intra-granularly while the
trailing partial remains at the grain boundary. For nanomaterials with high energy barrier for emitting the trailing
partial (the ratio of unstable stacking fault energy to stacking
fault energy is large), such as nc-Cu and nc-Ni, molecular
dynamic (MD) simulation shows the situation without emitting trailing partial is true,10 and the prediction of Eq. (1) is
in agreement with experimental data.1,4,5 For nano-materials
with the low energy barrier, such as nc-Al, MD shows that
the trailing partial is emitted following the leading partial
such that a perfect dislocation, or the two partials with a
band of stacking fault, extends inside the grain.19,20 To treat

Here, d and s are the distances traveled by the leading and
trailing partials, respectively (d > s); r0 is the core cut-off rað1Þ
ð2Þ
ð2Þ
dius; T1 ¼ sms bs þ smz bð1Þ
z ; and T2 ¼ sms bs þ smz bz ,
where m-s-z is a coordinate system with m axis perpendicular
to the slip plane and z axis along the gliding direction, and
ð1Þ
ð2Þ
bi and bi are components of the Burgers vectors of the
leading and trailing partials, respectively; the energy per unit
length of a partial dislocation Lp ¼ Gb2 =6; the energy per unit
length of a perfect dislocation Lf ¼ Gb2 =2. The first term on
the right side is the interaction energy between the two partials, and the last two terms represent the side segments’ energies. For acting shear stress, when both partials extend, we
have sb ¼ T1 þ T2 . When the leading partial extends and the
trailing partial does not (s does not change), the trailing partial
is inactive such that s ¼ T1 =b, which with Eq. (3) and
@E=@d ¼ 0 gives Eq. (1) for the required shear stress to
extend the leading partial. The definition of the extension
Ð d parameter for the two partial case is b ¼ ð1=d2 Þ 0 ½dðxÞ
sðxÞdx. When the trailing partial extends and the leading
partial does not (d does not change), the leading partial is inactive such that s ¼ T2 =b, which with Eq. (3) and @E=@s ¼ 0
gives the required shear stress to extend the trailing partial


2
1
b c
 :
(4)
s2 ¼ G þ
3 12pb d b
When both partials extend, the stacking fault band’s width
remains as a constant g ¼ d  s. Using this relation in Eq.
(3) and @E=@s ¼ 0, the required shear stress to extend both
partials is
s3 ¼ G

FIG. 3. Prediction of flow stress for nt-Cu: strengthening (right side, plotted
with Eq. (2)); softening (left side, plotted with the developed softening
model for nanotwins). The experimental data are from Ref. 18. The twin
boundary (TB) dislocation softening model is plotted in dashed line. The average of the two softening models is in dotted line.

(3)

b
;
d

(5)

which is the same as the traditional perfect dislocation extension model. A coefficient was introduced into the right side
of Eq. (5) to account for the curvature of the extended dislocation loop.5
The flow stress is the smallest of the shear stresses given
by Eqs. (1) and (5). Equation (4) does not give flow stress
even if it is the smallest, since the leading partial has to be
emitted first and thus in such case, the leading partial’s extension or both partials’ extension gives flow stress. For nc-Al,
we take b ¼ 0:25 nm, G ¼ 35 GPa, and c ¼ 0:146 J=m2 . The
calculation using representative b values shows that Eq. (5)
gives flow stress for d > 14 nm; otherwise, Eq. (1) gives flow
stress. In other words, except for very small grain size, a perfect dislocation, or both partials with a band of stacking fault,
propagates. The prediction from the model versus available
experimental data21,22 for nc-Al is shown in Figure 4.
It is noted that taking Lf ¼ Gb2 =2 and Lp ¼ Gb2 =6 for
the side segments in deriving the required stresses is an
approximation; therefore b obtained by fitting experimental
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FIG. 4. Prediction of flow stress for nc-Al with Eq. (5). For experimental
data, circle symbols are from Ref. 21, and diamond symbols are from Ref. 22.

data is a reference value for extension distance. Accurately
modeling the side segment’s energy would require the consideration of the grain boundary structure. However, the
grain-size dependent terms in Eqs. (1), (4), and (5) represent
the competition of side segments and interior segment in
strengthening nanograins.
When the grain size becomes very small, strength softening occurs where with decreased grain size, the strength
decreases.12,23 MD simulation shows such softening is
ascribed to grain boundary deformation mechanism;10,24 analytical models through grain boundary sliding and diffusion
were proposed, where physical based relation, such as that
between shear strain rate of grain boundary and required
shear stress, was employed.23,25–27 At large grain size intragranular dislocation operates for strengthening; at very small
grain size grain boundary deformation becomes dominate. In
the transition region in-between, or even in a smaller grain
size below this region, MD simulation reveals the evidence
of coexistence of intra-granular dislocations and grain
boundary sliding.19,28 Here, we extend the above flow stress
model to probe the contribution of intra-granular dislocations
to softening in the assistance of grain boundary deformation.
For this, we consider that when the grain boundary is
increasingly active as the grain size becomes smaller, side
segments of the intra-granular dislocation loop annihilate
into the grain boundary. Due to the annihilation, the interior
segment extends without the constraint of the side segments,
and thus the side segments’ contribution to the flow stress is
removed from Eq. (1) such that the reference shear stress for
this state is s0 ¼ C=b  G=ð12pÞb=d. Considering the ratedependent deformation nature of grain boundary deformation, the required shear stress for strength softening in the
region of small grain size is written as


C
Gb m
c_ :
s ¼ Cs0 c_ m  C 
(6)
b 12pd
Here, the strain rate sensitivity m represents the nature of
the strain rate dependence on the grain boundary deformation. The scaling factor C is obtained from equating Eq. (6)
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with Eq. (1) at the critical grain size for strength softening,
measured through experiment, and at the strain rate where
the experiment is conducted. The reference shear stress s0
is the flow stress at C_c m
0 ¼ 1. The prediction of softening
portions is shown in Figures 1 and 2 for nc-Cu and nc-Ni.
For nanotwins, softening at small twin thickness was also
observed18 and modeled via twin boundary dislocations29
and Lomer dislocations.30 Similar discussion as above is
done for nanotwins where the side segments of the intratwin dislocation loop extending toward the twin boundary
are annihilated into the grain boundary. The flow stress for
strength softening in nanotwins is given by
s ¼ C½C=b  G=ð12pÞb=k_c m (we consider d  k). The
prediction for the softening portion of nt-Cu is plotted in
Figure 3, together with that from the twin boundary dislocation model.29
The grain size and/or twin thickness dependent activation size of nanostructures is determined from the nonhomogeneous dislocation nucleation model1 in which the
free energy is
E¼

5
r 1
1
Gb21 r ln  Cf sb1 pðr2  r02 Þ þ cpðr 2  r02 Þ: (7)
16
r0 2
2

Here, s is the flow stress; Cf is the stress concentration factor
at the nucleation
site; r is the dislocation loop radius;
pﬃﬃﬃ
b1 ¼ b= 3; r0 ¼ b1 . Maximizing the free energy gives the
activation loop radius


1 
s
c
rc

b ln þ 1 :
rc ¼ a
r0
G Cf Gb1

(8)

pﬃﬃﬃ
The
activation
volume
Here,
a ¼ 5=ð16pCf 3Þ.
V ¼ prc2 b=2. We make two assumptions for Eq. (8) to simplify it. First, a values obtained in Ref. 1 in fitting experimental data indicate Cf  1. Due to this, c=ðCf Gb1 Þ is much
smaller than s=G such that the former is neglected. Second,
avoiding treating
we expend it into
P the logarithm function,
k
ð1=kÞð1

1=xÞ
,
in
which
we ignore any
series: ln x ¼ 1
k¼1
non-linear terms (k > 1) and also 1=x in the linear term, considering x > 1. Using these simplifications, we obtain from
Eq. (8)
 2
G
b3 :
V ¼ 2pa
s
2

(9)

Rearranging Eq. (9), flow
stress
is ﬃﬃﬃﬃﬃﬃﬃﬃ
expressed in terms of actip
pﬃﬃﬃﬃﬃ
ﬃ
vation volume as s ¼ 2paGb b=V . Note that b=V bears
the unit of dislocation density. For microcrystalline materipﬃﬃﬃ
als, it was shown that flow stress is proportional to q,
31
where q represents dislocation density (q  b4 =V 2 ).
We express the grain-size dependence of activation volume explicitly. For this, Eq. (1) is substituted into Eq. (9),
and after rearrangement, we obtain
 2


1
c
1 c 1
1
b

þ
2
2
2pa Gb
pa Gb 3 12pb d

2  2
1
1
1
b
b3
:

¼
þ
V
2pa2 3 12pb
d

(10)
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Eq. (9), it is seen that the activation volume is inversely proportional to C2f such that it is sensitive to the stress concentration at the nucleation site. The Hall-Petch type relation for
activation volume of nanotwins can be obtained by substituting Eq. (2) into Eq. (9).
In summary, from mechanistic modeling approach, we
investigate the intra-granular extension of trailing partial due
to the low energy barrier for its emission; the coupled deformation of intra-granular dislocation and grain boundary in
contributing to flow stress; and the simplified version of nonhomogeneous nucleation model. Continuing our previous
work, these modeling efforts elucidate intra-granular dislocations and their interaction with non-homogeneous sources
such as grain boundaries in nano-strengthening process.
1

FIG. 5. Prediction of activation volume for nc-Al versus experimental data
from Ref. 21.

Considering d  b such that the third term on the left side of
Eq. (10), second order term, is neglected, and using the relation between the extension parameter b and the Hall-Petch
slope for flow stress K1 , given in Ref. 1, we obtain the HallPetch type relation for activation volume
 2
1
c
1 c K1 1
b3
p
ﬃﬃﬃ
:
¼
þ
2pa2 Gb
pa2 Gb G d V

(11)

Similar Hall-Petch type relations for activation volume were
derived from dislocation pileup against grain boundary.32–34
In their formulations, two parameters were introduced, one
for grain interior activation and another for grain boundary
activation; in the above formulation, only one parameter a is
defined for stress concentration at the nucleation site. With
appropriate a, Eqs. (10) and (11) compare satisfactorily to the
experimental data of nc-Cu (Figure 5 in Ref. 1). For other
nanograined materials, size-dependent experimental data for
activation volume are limited, and the material properties
given in Ref. 5 are used in Eq. (10) for prediction. When d ¼
30 nm and Cf ¼ 5, V ¼ 6:2b3 for nc-Ni, which is consistent
with the experimental data 10b3 .35 When d ¼ 10 nm and
Cf ¼ 10, V ¼ 2:6b3 for nanocrystalline Pd (nc-Pd), which is
consistent with the experimental data 4b3 .36 The strain-rate
sensitivity calculated from its definition1,3 for the nc-Ni and
nc-Pd is also in agreement in the magnitude order with experimental data.35–37
For nc-Al, we substitute Eq. (5) for perfect dislocation
extension into Eq. (9) to obtain
V ¼ 2pa2 d 2 b;

(12)

which, with Cf ¼ 10, compares well in Figure 5 with experimental data from Ref. 21. The
pﬃﬃﬃ strain-rate sensitivity obtained
from its definition, m ¼ 3kT=ð4pa2 Gdb2 Þ, where T is
absolute temperature and k is Boltzmann constant, is comparable with experimental data in Ref. 21. In addition, the magnitude order of the activation volume and strain-rate
sensitivity calculated in this way is consistent with experiment measurement for nc-Al in Ref. 38 (although grain
growth was observed there). From the definition of a and
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